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Introduction.—Previous studies'~’ have shown that the ciliated proto- 
zoan, Tetrahymena, has nutritional requirements very similar to animals 
in general. This similarity is especially striking in regard to amino acid 
requirements where the ten essential amino acids of the dog, man, etc., 
have been shown to be essential also for Tetrahymena. Inasmuch as this 
protozoan possesses characteristics which make its culture in the absence 
of all other organisms relatively simple, it has been possible to investigate 
rather precisely the effects of various substances on its metabolism. Bio- 
chemical studies of this nature on other animals have been complicated 
and even vitiated by contaminating microérganisms of unknown synthetic 
abilities. 

This report deals with the growth responses of Tetrahymena to varying 
concentrations of the essential amino acids and to serine, and includes the 
results of tests involving availability of natural and unnatural isomers. 

Experimental.—The organism used in this investigation was Tetrahymena 
geleua W grown in pure (bacteria-free) culture. The general techniques 
have been previously reported.'» **® Dose-response curves were con- 
structed for each of the essential amino acids, and for the stimulatory 
amino acid, serine, by adding graded amounts to a base medium containing 
the other ten in the proportions found in gelatin (table 1, medium II) 
together with growth factors, dextrose and salts. The minimum concen- 
trations which permitted optimum growth under these conditions were 
combined, but the nitrogen level was then inadequate so these amounts 
were increased fivefold (medium III, table 1). Dose-responses were then 
studied using these new proportions. This medium was also used in 
studies on the availability of unnatural isomers. 

The factor II preparations, which are necessary for the growth of this 
organism® were of two types. The one prepared from cerophyl, as 
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TABLE 1 
-———MICROGRAMS PER ML.—— 
MEDIUM II MEDIUM III 
AMINO ACID (BASED ON GELATIN) (BASED ON GROWTH OPTIMA 
L-arginine HCl 820 125 
L-histidine HCl 100 . 125 
DL-isoleucine 350 125 
L-leucine 350 250 
L-lysine 600 250 
DL-methionine 340 500 
pi-phenylalanine 140 350 
DL-threonine 200 125 
L-tryptophane 100* 50 
DL-valine 200* 125 
DL-serine 40 250 


* Amount arbitrarily added. 


Both media contained the following substances (micrograms per ml.): 


ae ae nee 1000 TI TOG is sos is si ase 1.00 
6 Yi y 0 a ee 100 PAIN Nc care wink ein 0.10 
SN id as kus ci slo 100 eat | Gs REESE Rag rege 0.10 
SS ae ane 50 OI oo Sh iv nosis se cin sa 0.10 
SC 6 a umnnmeeE: Be Pteroylglutamic acid............ 0.01 
GE! "0 a res 0.05 | if 0, Tee ae nme: Bap prea aee 1.00 
EERE RAS? ing Sept werent 0.05 Yeast nucleic acid (hydrolyzed).. 100.00 
Biotin (free acid)............ 0.0005 Factor II (see text) 

Ca pantothenate............ 0.10 


previously described,? was assayed quantitatively with Leuconostoc me- 
senterioides P-60, according to the method of Shankman, ef al/.,!! and the 
following amounts of the ten essential amino acids were found (expressed 
in y per ml. of final Tetrahymena medium): arginine, 0.9; histidine, 0.6; 
isoleucine, 0.0; leucine, 0.8; lysine, 0.2; methionine, 0.0; phenylalanine, 
7.0; threonine, 0.0; tryptophane, 0.38; valine, 0.0. This preparation was 
satisfactory for all of the amino acids studied except phenylalanine. A 
factor II preparation which assayed 0.4 vy of phenylalanine per ml. of 
medium was used in the studies involving this amino acid. The starting 
material in this case was Liver Fraction Lt (15 g.). This was dissolved in 
750 ml. of water and extracted with butanol for 96 hours in a liquid-liquid 
extraction apparatus.* After removal of the butanol by distillation 
in vacuo the volume was adjusted to 300 ml. and treated with Norit at 
pH 5.0. The final preparation was used in a concentration of 1:10. 

All determinations were made on third serial transplants after 72 hours’ 
incubation at 25°C. when serine was present, or 144 hours’ incubation 
when serine was absent. 

Results —Serine—As has been shown previously! serine is a general 
growth stimulator for Tetrahymena and this stimulation appears to be due 
to its ability to release inhibitions caused by the essential amino acids. It 
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will be shown later in this paper that serine plays a multiple réle in growth, 
involving, together with the release of specific inhibitions, efficient use of 
certain of the amino acids. . These relationships will be discussed with the 
specific amino acids concerned. 

When serine is omitted from medium III no growth results but as little 
as 10 y per ml. (table 2) of either natural or racemic serine provides maxi- 
mum stimulation (range tested 0-250 y per ml.). Both isomers are active. 
On the other hand, omission of serine together with a lowering of the 
concentration of any one of the essential amino acids (with the single 
exception of threonine) permits growth to occur, although at a greatly 
reduced rate and submaximal yield (table 3). This means that serine 
must be present to release the inhibition exhibited by each of the essential 
amino acids in the concentrations used. But the organism can partially 
replace the exogenous serine effect, provided that the concentration of at 
least one of the inhibitory amino acids is lowered. 


TABLE 2 
MINIMUM CONCENTRATION REQUIRED FOR MAXIMUM RESPONSE WHEN TESTED WITH 
ALL OF THE OTHER AMINO ACIDS IN THE CONCENTRATIONS OF MEpDIUM III. FIGURES 
REPRESENT MICROGRAMS PER ML, 


7——~SERINE PRESENT—— -—SERINE ABSENT——~ 


AMINO ACID L DL L DL 
Arginine 20 cae 0 
Histidine 7.5 pete 7.5 Bi 
Isoleucine 17.5 25 200 No growth 
Leucine 25 140 25 140 
Lysine 15 15 15 15 
Methionine 20 30 20 30 
Phenylalanine 10 40 10 40 
Threonine 10 15 225 225 
Tryptophane 10 12 10 12 
Valine ois exer oe O in.5 0 
Serine 10 10 


Arginine and Valine—It was shown early? that Tetrahymena could, 
under certain conditions, synthesize slowly both arginine and valine. 
Both of these amino acids are stimulatory but only in the presence of serine, 
which is to say that in the absence of serine growth is not improved when 
these amino acids are added to the medium at any level. The level giving 
maximum response for L-arginine is 20 y per ml. (table 2) when serine is 
present, but no amount of added arginine stimulates growth in its absence 
(range tested 0-125 y). Both natural and racemic valine were tested and, 
as in the case of arginine, no amount of either proved stimulatory in the 
absence of serine while maximum response was obtained, with serine 
present, with 2.5 y per ml. of L-valine and 7.5 y per ml. (table 2) of pL- 
valine (range tested L—0-35 y per ml.; pt—0-250 y). These quantita- 
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tive relationships indicate that only the natural form of valine is active for 
Tetrahymena, and that the p-isomer is somewhat inhibitory. 

Tests were conducted to determine the cause of the failure of valine 
synthesis when tested with medium II. Additions of quantities of each 
amino acid to medium III so as to adjust its level to that of medium II 
showed that the high levels of arginine and lysine in the older mixture were 
responsible for blocking the synthesis of valine. Earlier observations? 
have indicated that this block can be partially released by adding glycine, 
serine and cystine together. 


TABLE 3 
SUMMARY OF THE QUANTITATIVE RELATIONS BETWEEN SERINE AND THE ESSENTIAL 
Amino Acips 


Column I represents the concentrations in Medium III. Changes in concentrations are 
indicated in bold faced type 





a MICROGRAMS PER ML. 





AMINO ACID I x > ary v vi vl vir x x x <2 
DL-serine 250 0 0 0 0 0 0 0 0 0 0 0 
L-arginine 125 125 0 125 125 125 125 125 125 125 125 125 
L-histidine 125 125 125 7.5 125 125 125 125 125 125 125 125 
DL-isoleucine 125 125 125 125 * 125 125 125 125 125 125 125 
L-leucine 250 250 250 250 250 80 250 250 250 250 250 250 
L-lysine 250 250 250 250 250 250 15 250 250 250 250 250 


DL-methionine 500 500 500 500 500 500 500 30 500 500 500 500 
pi-phenylalanine 350 350 350 350 350 350 350 350 50 350 350 350 


DL-threonine 125 125 125 125 125 125 125 125 125 225 125 125 
L-tryptophane wD Rs... DD Bw. te to mt UN UD 
DL-valine 250 250 250 250 250 250 250 250 250 250 250 oe 
Growtht " Os RAs Cite Ae AR oe Rae Se 


* Neither lowering nor raising the concentration of DL-isoleucine permitted growth in 
the absence of serine, provided the concentrations of the other amino acids remained as 
in Column I. The substitution of 275 micrograms of L-isoleucine, however, permitted 
growth in the absence of serine. ; 

¢ The plus sign (+) represents transplantable growth, the zero (0) represents no 
growth. The plus signs are not n° essarily equal, as growth is slow and never maximum 
in the absence of serine, except where threonine levels are high (Column X). 


Histidine, Lysine, Methionine, Tryptophane.—This group of essential 
amino acids will be considered together because they all behave similarly 
in relation to serine, although they differ in certain other details. In the 
absence of serine, growth occurred when the level of any one of these amino 
acids was lowered sufficiently (table 3) but the growth rate was low, as 
was the maximum yield. The maximum response levels were the same 
as those found in the presence of serine (table 2). Only natural histidine 
was available for testing and maximum response was obtained with the 
addition of 7.5 y per ml. of medium (range tested 0-125 y). Both isomers 
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of lysine are active. The maximum response was obtained at 15 y per 
ml. of either L- or pL-lysine (range tested 9-300 y). Both isomers of 
methionine appeared active, as the amounts required for maximum re- 
sponse were 30 y and 20 vy per ml. of the pL- and L-form, respectively 
(range tested L—0-90 ~; pL—0-500 y). This seems to indicate some 
inefficiency in the ability to metabolize the p-isomer. This condition is 
apparent also in the case of tryptophane where maximum response was 
obtained with 10 y of L-tryptophane and with 12 y of the racemic mixture 
(range tested L—0-20 y; pt—0-50 7). 

Phenylalanine, Leucine—When the concentration of phenylalanine is 
reduced in the absence of serine, low but transplantable growth results 
(table 3). The maximum response levels, either with or without serine, 
are identical but wide differences exist between the activities of the natural 
and racemic forms. Maximum response was obtained with 10 y (table 2) 
of L-phenylalanine (range tested 0-140 ) while 40 y of the racemic mixture 
are required (range tested 0-350 y). The activity of leucine is similar to 
phenylalanine. The maximum response levels either with or without 
serine were identical but, again, large amounts of the racemic mixture were 
required (25 y of L-leucine; 140 y of pi-leucine, range tested 0-700 y). 
These large differences between the natural and racemic mixtures indicate 
competitive inhibition by the pD-isomers and is found also in the case of 
valine, mentioned above. The natural form of leucine became inhibitory 
at levels above 125 y per ml. when serine was absent but very high levels 
(700 y per ml.) were tolerated when serine was present. 

Isoleucine-—In the presence of serine both isomers of isoleucine appear 
to be metabolized, although the p-isomer somewhat inefficiently. Maxi- 
mum response was obtained with 17.5 y per ml. of the natural form and 
25 y per ml. of the racemic mixture (range tested 0-400 y). In the absence 
of serine no growth was possible with any concentration of DL-isoleucine 
(range tested 0-400 y). The D-isomer in this case appears to be com- 
pletely inhibitory. Utilization of the L-isomer is faulty without serine as 
the growth was always slow, the yields Jow and the amounts required high 
(200 y per ml.). These results indicate that serine, in addition to counter- 
acting inhibition, makes isoleucine available for Tetrahymena. Unlike 
leucine, the natural form of isoleucine showed no inhibition without serine, 
in the range tested. Growth at levels of 400 7 per ml. was as good as at 
200 y per ml. 

Threonine.—As with methionine, isoleucine and tryptophane, the un- 
natural isomer of threonine appears to be utilized (when serine is present) 
but not as efficiently as the natural form. Maximum response was ob- 
tained with 10 y per ml. and 15 y per ml. of L-threonine and pL-threonine 
(table 2), respectively (range tested 0-400 y per ml.). In the absence of 
serine no growth occurred at these levels. Unlike the other amino acids, 
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high levels of threonine are not inhibitory but rather substitute for serine 
in the release of inhibition (table 3). The maximum yield with 225 y per 
ml. of either natural or racemic threonine was as high as when serine was 
present, although, as in every case above noted, the growth rate was re- 
duced. Release of inhibition apparently is not influenced by the stereo- 
configuration of threonine any more than it is by serine. 

Discussion.—The results of this study raise more questions than they 
answer. The complexity of the interactions between amino acids is perhaps 
not surprising when their general lability in metabolism is taken into con- 
sideration. Nevertheless, a number of the facts brought out should be 
considered if for no other reason than to attempt explanations which 
may be subject to experimental test. 

Release of inhibition by serine requires some elaboration. It was stated 
that, under the conditions of these experiments, the reduction of any one 
of the amino acids except threonine reduced the total inhibition to a point 
where growth could occur without serine. An apparent exception to this 
statement was found with pL-isoleucine. No concentration of DL-iso- 
leucine allowed growth to occur in the absence of serine, with low threonine, 
and the other amino acids high. It appears that non-inhibitory concen- 
trations of isoleucine are insufficient for metabolic needs. Inhibitory con- 
centrations of DL-isoleucine were always present (concentration of medium 
III, 125 y per ml.) when the other amino acids were being tested, but this 
concentration was not enough to stop growth when their levels were 
reduced. It was obvious, therefore, that growth should occur at some level 
using DL-isoleucine if some other amino acid level were lowered. This 
was found to be the case. For example, if L-leucine was reduced from 
250 7 to 80 y per ml. and a dose response curve for DL-isoleucine con- 
structed, it was found that high maximum yields were obtained with 25 y 
per ml. of the latter. The growth rate was slow, as was expected in the 
absence of serine. High concentrations (350 y per ml. and above) of the 
racemic isoleucine were completely inhibitory. The same general results 
were obtained when phenylalanine was reduced (from the 350 y per ml. 
of medium III to 50 y per ml.) or the threonine level raised (from 125 
vy per ml. to 300 y per ml.). Lowering of phenylalanine inhibition or 
raising the threonine concentration made even 400 y per ml. of DL-iso- 
leucine not completely inhibitory. 

When one examines the summary given in table 3, one can see that 
growth resulted in the absence of serine, only when individual amino acid 
concentrations were lowered, with the single exception of threonine (Column 
X). That threonine can substitute for serine is perhaps understandable 
on the basis of their structural similarities. 

In view of the fact that earlier work? had shown that glycine sometimes 
functions to antagonize inhibitions and that acetate in low concentrations 
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is stimulatory, { and also that serine is readily converted to glycine, medium 
III minus serine was tested with graded amounts of glycine (range tested 
0-200 y per ml.). Again no growth occurred when only the ten essential 
amino acids were present, but growth did occur in the presence of glycine. 
Very low growth resulted with the addition of as little as 2.5 y per ml. and 
steady increases occurred up to 50 y per ml. Maximum yield at 50 y per 
ml. was as high as when 10 vy per ml. of serine was added, but the growth 
rate was low, in contrast to serine. These quantitative relationships 
indicate that serine does not function by conversion to acetate via glycine. 
In an attempt to improve growth in the absence of serine, and yet use 
the same isomeric forms of the amino acids as in medium III, a medium 
was constructed with the following concentrations (in y per ml.): L-argi- 
nine, 40; L-histidine, 50; pL-isoleucine, 50; L-leucine, 100; L-lysine, 50; 
DL-methionine, 60; pi-phenylalanine, 50; pi-threonine, 300; L-trypto- 
phane, 20; pi-valine, 7.5. The amino acids totaled 727.5 y per ml. as 
compared to 2275 y per ml. for medium III, and the amino nitrogen totaled 
100.8 y per ml. as compared to 308.6 y per ml. for medium III. With this 
medium growth yields were nearly as great as when serine was added, but 
still the rate of growth was somewhat slow. Inhibition, as far as yield 
was concerned, was largely removed by the combined effect of high threo- 
nine and low concentrations of all of the other amino acids. The some- 
what lower yield was possibly due to nitrogen limitations and the low 
growth rate due to faulty metabolism of isoleucine in the absence of serine. 
Turning now to a consideration of the results on the utilization of the 
isomers, the most interesting and puzzling seem to be those with leucine, 
phenylalanine and valine. Even in the presence of serine more than double 
the amounts of the racemic mixtures than of the natural forms are required 
for maximum response. It appears that the p-isomers are inhibitory and 
unavailable but that this inhibition can be overcome, even though the 
50-50 ratio of L to D is maintained, if larger amounts are added. One 
possible explanation is on the basis of competitive enzyme inhibition. At 
low levels of the racemic mixture 50% of the enzymes responsible for 
metabolism of the amino acid in question take up the available L-isomer 
and 50% p-isomer. As this binding of the enyzme by the D-isomer is re- 
versible (according to the theory of enzyme competition) and the L-isomer 
is being used up, then at no time will the enzyme be able to mobilize 
enough L-isomer for adequate growth. As the concentration of both 
isomers is increased, however, there finally results a condition where 50% 
of the enzyme can at all times be saturated with the L-isomer, which, on 
the basis of margin of safety, is sufficient for optimum growth. If this is 
the true explanation for the results obtained with leucine, phenylalanine 
and valine, then we will have to assume enzyme action on some position of 
the molecule other than the asymmetric carbon, for these amino acids. 
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The apparent inability of this organism to metabolize efficiently the 
D-isomers of isoleucine, methionine, threonine and tryptophane cannot be 
explained at this time. In the case of methionine it may be that the 
less than double amounts of the racemic mixture as compared to the 
natural form for maximum response might point to the well-known double 
function of this amino acid: as an essential amino acid and as a methyl 
donor. Asa methyl donor it may make no difference what the configura- 
tion is and therefore some of the D-isomer can be used to spare the L- 
isomer. Similar double functions, as yet unknown, may explain the 
results with the other three amino acids under discussion, i.e., niacin 
synthesis in relation to tryptophane. 


TABLE 4 


COMPARISONS OF THE Rat, Mouse, MAN AND Tetrahymena REGARDING THEIR ABILITY 
To UTILIzE OPTICAL ISOMERS OF THE AMINO AcIDS. THE DATA FOR THE MAMMALS 
ARE TAKEN FROM A SIMILAR TABLE IN THE REVIEW BY ALBANESE!” 


——RAT— -———mMoUSE—— —wman—~ —Tetrahymena— 

AMINO ACID L D L D L D L D 
Arginine - ea a3 A + + 
Histidine t+ is + + + - oo sd 
Isoleucine + _ + ae 2 ee 
Leucine + + se - ie + - 
Lysine + ~ 4. _ + oe = a 
Methionine + + ao + + + or * + 
Phenylalanine +- + ae + + ‘es + oe 
Threonine + ~ _ 4. 4. 4 
Tryptophane + + + + + - + _ 
Valine + _ + _ me v3 pt rae 
Serine aN <i Ape He “a + + + 


Inasmuch as Tetrahymena, unlike all other microérganisms so far studied 
under like controlled conditions, identifies itself with higher animals as 
far as amino acid requirements are concerned, it is interesting to compare 
the available data on other animals regarding isomer utilization. Table 4 
was constructed from a similar one given by Albanese’ and details can be 
obtained from his review. In interpreting differences between the mouse, 
rat, man and Tetrahymena, it must not be overlooked that the intestinal 
flora of the vertebrates may play a decided réle in the results obtained, 
while in this respect the data for Tetrahymena are more reliable. The 
results on the ciliate actually reflect its metabolism as all other organisms 
are excluded. 

It has been found by Rose, e¢ al.,'* using nitrogen balance studies, that 
histidine is apparently a dispensable amino acid for man. In contrast to 
this histidine is indispensable for Tetrahymena. No growth is possible 
when histidine is absent from the medium, but transplantable growth re- 
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sults when as little as 2.5 y per ml. are added, and 7.5 y per ml. are sufficient 
for optimum growth. With such an active substance, there is a strong 
possibility that the bacterial flora of the human alimentary canal can con- 
tribute enough to account for the results of Rose, et al. On the contrary, 
under certain conditions Tetrahymena can synthesize valine. It is ‘of 
importance, in the light of this work, to test the ability of vertebrates to 
dispense with valine under similar conditions of low arginine and lysine. 

The results reported here, while incomplete in many respects, indicate 
some important points, often overlooked in studies of this nature. Even 
essential amino acids in moderate amounts can be inhibitory under certain 
conditions. This may prove of importance in oral and intravenous 
alimentation, especially with synthetic amino acids. The rédle of serine 
as a growth stimulator, in its ability to release inhibitions and to enhance 
the utilization of isoleucine, warrants further attention in metabolism 
studies. That amino acid imbalance can influence growth and reproduc- 
tion is again emphasized. 

Summary.— 1. Under certain defined conditions, the optimum concen- 
trations of the essential amino acids were determined for the ciliated 
protozoan Tetrahymena. a 

2. Availability of the optical isomers was investigated. 

3. Quantitative results indicate that both the L- and p-isomers of lysine, 
methionine, threonine and tryptophane are active. Both isomers of 
isoleucine are active in the presence of serine. 

4. The unnatural isomers of leucine, phenylalanine and valine are 
inhibitory. 

5. High levels of L-isoleucine are required in the absence of serine and 
the racemic mixture is completely inhibitory. 

6. Serine functions as an antagonist to the inhibitions exhibited by nine 
of the essential amino acids. 

7. In the absence of serine the growth rate was invariably low and the 
maximum yield usually reduced. 

8. High levels of threonine can substitute for serine for release of 
inhibition but threonine is not a growth rate stimulator. 

9. Comparisons are made between the data in the literature on verte- 
brates and those reported here on Tetrahymena. 


* This study has been aided by a grant from the United States Public Health Service 
and by a grant recommended by the Committee on Growth of the National Research 
Council acting for the American Cancer Society. A portion of this work was reported 
at the Fourth International Congress for Microbiology in Copenhagen and an abstract 
will appear in the Proceedings. 

+ Furnished through the courtesy of Dr. David Klein and the Wilson Laboratories. 

¢ Unpublished results from this laboratory. 











356 CHEMISTRY: SHERMAN, RAGAN AND BAL Proc. N.A.S. 


1 Kidder, G. W., and Dewey, V. C., Arch. Biochem., 6, 425 (1945). 

2 Kidder, G. W., and Dewey, V. C., Physiol. Zool., 18, 136 (1945). 

3 Kidder, G. W., and Dewey, V. C., Biol. Bull., 89, 229 (1945), 

4+ Kidder, G. W., Arch. Biochem., 9, 51 (1946). 

5 Kidder, G. W., and Fuller, C. F., Science, 104, 160 (1946). 

6 Kidder, G. W., and Dewey, V. C., Proc. Nat. Acad. Sci., 33, 95 (1947). 
7 Kidder, G. W., Ann. N. Y. Acad. Sci., 49, 99 (1947). 

‘8 Kidder, G. W., and Dewey, V. C., Biol. Bull., 89, 131 (1945). 

® Dewey, V. C., Ibid., 87, 107 (1944). 

10 Kidder, G. W., and Dewey, V. C., Arch. Biochem., 8, 293 (1945). 

11 Shankman, S., Dunn, M. S., Camien, M. N., and Block, H., J. Biol. Chem., 168, 1 


(1947). 
12 Albanese, A. A., in Advances in Protein Chemistry, Vol. 3. Edited by M. L. Anson, 


and J. T. Edsall, Academic Press. New York (1947). 
13 Rose, W. C., Haines, W. J., Johnson, J. E. and Warner, D. T., J. Biol. Chem., 148, 


457 (1943). 


EFFECT OF INCREASING FOOD PROTEIN UPON THE CALCIUM 
CONTENT OF THE BODY* 


By H. C. SHERMAN, M. S. RAGAN AND M. E. BAL 
DEPARTMENT OF CHEMISTRY, COLUMBIA UNIVERSITY | 
~ Communicated October 1, 1947 


In previous papers’ * we have noted briefly the fact that acceleration 
of growth by relatively high protein food may result in retardation of the 
body’s normal developmental gain in calcium content. The purpose of 
the present paper is to record some further experiments bearing upon 
this relationship. 

The experimental animals have been rats of like genetic background— 
an inbred laboratory stock of Wistar Strain albinos. The experiments 
are divided into two series according to the immediate nutritional back- 
ground and the basal diet of the experimental animals. 

First Series —The experimental rats were separated at the age of 28 
days from families fed Diet 16 (also called Diet A) consisting of five-sixths 
ground whole wheat and one-sixth dried whole milk with table salt in the 
proportion of 2% of the weight of the wheat. The air-dry food mixture 
contained practically 14% of protein and 0.2% of calcium. Food and 
water were constantly available to the animals. Rats of the same sex 
and essentially the same size were drawn from the same litters; in each case, 
one of these was continued on the basal Diet 16, while the other received 
Diet 16 pluscasein. The casein was added in such proportion as to increase 
the protein content of the air-dry food mixture from approximately 14% 
to approximately 20%. At 60 or at 90 days of age the corresponding rats 
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on the two diets were killed and analyzed for body calcium. The average 
results of the comparisons of this series are shown in table 1. 


TABLE 1 
AVERAGE CALCIUM CONTENTS OF FEMALE Rats AT 60 AND AT 90 Days oF AGE AS 
AFFECTED BY INCREASE OF Foop PROTEIN FROM 14 To 20%. (Catcrtum CONTENT OF 
Foop Asout 0.2%) 


FROM DIET 16 FROM DIET 16 + CASEIN 
(14% PROTEIN) (20% PROTEIN) 
At 60 days of age 
Amount, g. 0.673 0.649 
Percentage 0.786 0.720 
At 90 days of age 
Amount, g. 1.062 0.983 
Percentage 0.865 0.840 


It will be seen from table 1 that both when compared at 60 and at 90 
days the rats which had received the extra food protein here show less body 
calcium, both in amount and in percentage, than the parallel animals 
which had received the basal Diet 16 alone. 

Second Series.—The arrangement of the experiments was the same 
in the second series as in the first except for the background and basal 
ration which was our Diet 133 consisting of two-thirds ground whole wheat 
and one-third dried whole milk with enough added calcium carbonate to 
bring the calcium content of the air-dry food mixture to 0.64%. This 
diet thus contained about three times as much calcium as the basal diet of 
the first series; and as it contained twice the proportion of milk it was 
nearly twice as rich in vitamin A and riboflavin. Its protein content was 
approximately 16% of the air-dry food mixture. Diet 183, fed in com- 
parison with Diet 133, was of the same composition except that enough 
casein was added to bring the protein content of the air-dry food mixture 
from approximately 16 to approximately 20%. This increase in the level 
of protein feeding resulted in the production of somewhat larger young 
with larger amounts but somewhat lower percentages of body calcium 
at the age of 30 days. The average findings for these 30-day-old offspring, 
as well as of the original experimental animals at 60 days, 90 days and 1 
year of age, are summarized in table 2. Here the animals receiving the 
higher amounts of food protein (and, as shown in a previous paper, growing 
more rapidly) showed slightly larger amounts of body calcium corre- 


sponding to their larger body weights. The slightly higher percentages. 


at 60 and 90 days were evidently made possible by the higher calcium 
content of the basal diet in the second series of experiments than in the 
first. Continuance of growth between the ages of 90 days and 1 year 
involved increase in amounts of body calcium while percentages were 
slightly decreased by the bearing and suckling of young even though at 
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least a month had in each case elapsed between the end of lactation and the 
analysis of the mother. The year-old females on the different diets had 
met about equal demands of pregnancy and lactation before being taken 
for analysis. 


TABLE 2 
AVERAGE Catcitum CONTENTS FouND AT DIFFERENT AGES IN FEMALE RATS FROM 
Diets ConTAINING 16 oR 20% oF PROTEIN IN THE AIR-DRY Foop. (CaLtcrum CONTENT 
oF Foop Asout 0.6%) 


FROM DIET 133 FROM DIET 183 
(16% PROTEIN) (20% PROTEIN) 
At 30 days of age 
Amount, g. 0.375 0.484 
Percentage 1.10 0.93 
At 60 days of age 
Amount, g. 1.10 : 
Percentage 1.09 1.13 
At 90 days of age 
Amount, g. 1.68 1.79 
Percentage 1.23 1.29 
At 1 year of age 
Amount, g. 2.62 2.69 
Percentage 1.25 1.25 


The chief findings of both series may be briefly summarized as follows: 

Rats on a relatively low-calcium basal diet containing 14% of protein 
grew faster when their food protein was increased to 20%, but showed both 
lower amounts and lower percentages of body calcium at 60 and at 90 days 
of age. The differences were of the order of about one-twentieth. of the 
amount or percentage of calcium present; and were, in this series, all in 
the same direction. When the basal diet was of liberal calcium content, 
accentuation of growth by increase of food protein did not result in lower 
body calcium at 60 or 90 days, nor at the age of 1 year in females which had 
borne and suckled young. Further analyses have confirmed and extended 
the finding briefly noted in previous papers from this laboratory that 
females of 3 months to 1 year of age which had received the low-calcium 
basal ration (Diet 16) plus poultry meat contained less body calcium than 
those of like age which had received the same basal diet without the pro- 
tein enrichment. Similarity of results with poultry meat and with casein 
indicates that this effect of the meat was attributable to its protein. The 
lowering of body calcium by protein enrichment of a low-calcium diet 
may be regarded as an effect of a protein-calcium imbalance, or of an undue 
acceleration of growth, or of both. 


2 


* Aided by grants from the John and Mary R. Markle Foundation. 
1 Sherman, H: C., and Pearson, C. S., Proc. Nat. Acad. Sci., 33, 264-266 (1947). 
2 Sherman, H. C., and Ragan, M. S., Jbid., 33, 266-268 (1947). 
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THE EFFECTS OF ISOLATES ON THE FREQUENCY OF A RARE 
HUMAN GENE 


_ By L. C. DuNN 


CoLuMBIA UNIVERSITY, AND STATE INSTITUTE OF RACE BIOLOGY AND HUMAN GENETICS, 
UppsaLa, SWEDEN* 


Communicated November 4, 1947 


An important corollary of Mendel’s principle of segregation was noted 
by Weinberg! and by Hardy? in 1908. They showed that in a large 
population undergoing random mating (panmixia), the relative frequencies 
of a pair of adaptively neutral alleles such as A and a tend to remain 
constant in the equilibrium state g?A.A:2q(1 — g)Aa:(1 — q)’aa in which 
q and 1 — gare the proportions of A and ain the population. This simple 
relationship formed the basis for the development of the population 
genetics of cross-fertilizing animals and plants and has been particularly 
fruitful in studies of human genetics. It has been found, however, that 
the ideal populations assumed in the Hardy equilibrium are seldom if 
ever found in nature. Random mating or panmixia could hardly extend 
over a wide-spread animal or plant species. Human populations also are 
broken into rather small groups known as isolates within which marriages 
tend to occur at random, while genes are less frequently exchanged between 
the isolates. The isolating factors here may be of various kinds such as 
geographic, social, religious and others. 

It is obvious that if random mating and free exchange of genes do not 
occur in large populations, the gene frequencies will be affected by circum- 
stances peculiar to small populations, and by inbreeding or mating among 
relatives. Inbreeding assumes an unusual importance in human populé- 
tions which generally contain recessive mutant genes for deleterious 
characters of various kinds. When such genes are rare, homozygotes are 
likely to be produced only by marriage between relatives who carry the 
same recessive gene. If such marriages, as between first cousins, occur at 
random, they will have a high probability of occurrence only when the 
circle of possible mates is small, as in an isolate. Therefore it is to be 
expected that such rare recessives will not be distributed evenly in large 
populations, but that different rare hereditary defects will tend to appear 
in different small communities, some in one, others in another. 

Wahlund* (1928) has worked out, in theory, the differences to be ex- 
pected in the frequencies of the several genotypes as between a whole 
population under random mating and one which is divided into isolates; 
' while Dahlberg‘ (1943) has shown how the frequency of cousin marriages 
may be used to estimate the average size of the isolates, and has calculated 
the theoretical relationship between gene frequency, frequency of cousin 
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marriages in the isolate and frequency of cousin marriages among parents of 
persons homozygous for a given gene. 

An actual example of isolates was found by Sjggren® (1931) in studying 
the distribution of a gene for a rare and always fatal disease, juvenile 
amaurotic idiocy, as it occurs in Sweden. ‘The disease begins with failing 
sight and blindness in young children of 4 to 7 years, and progresses through 
loss of sensory, mental and physical powers to its terminus in death some 
10 or 12 years later. It was possible to detect nearly all cases occurring in 
Sweden since 1890, when special instruction and registration of the blind 
became obligatory, and to work out the ancestry and. geographic origins 
of the affected persons by using the excellent and continuous records kept 
in the Swedish parishes. The heterozygous ancestors responsible for the 
115 primary cases studied by Sjggren were found to group themselves into 
59 families coming from 23 rather restricted localities in southern and 
central Sweden; while the proportion of first cousin marriages among the 
parents of the amaurotics proved to be 15% which is probably 20 to 30 
times the rate for the population at large. Thus the Swedish population 
was shown to consist, in respect to the marriages responsible for juvenile 
amaurotic idiots, of restricted marriage circles or isolates within which 
marriage between relatives occurs with higher frequency than in the 
population at large. 

In the present note it is proposed to test some of the more recent methods 
by applying them to Sjggren’s data. Specifically it is of interest to de- 
termine the frequency of the gene for juvenile amaurotic idiocy in the 
isolates and to estimate the fraction of the whole population which is 
contained within the isolates. 

We may begin by estimating the frequency of the gene on the assumption 
of random mating in the whole population of Sweden. 

Sjggren found that for the years 1913-1922, the average number of juve- 
nile amaurotics alive at one time in Sweden was 52.5. Since the average 
age of onset of the disease (detected by blindness) is 6.7 years and the 
average age at death is 18.2 years, its average duration is about 11.5 years. 
Thus about 52.5/11.5, or 4.6 new cases appear each year. For the ten- 
year period concerned, about 1,200,000 children reached the age of seven, 
when the disease would be detected, or about 120,000 per year. The 
frequency of homozygotes can thus be estimated as 4.6/120,000 or 
0.0000383, roughly 4 per 100,000 (0.004%). Assuming random mating 
the proportions of homozygotes and heterozygotes at equilibrium would be 
AA = 0.9876; Aa = 0.0123; aa = 0.00004. Sjdgren recognized that the 
heterozygote frequency of 1.2% thus calculated for this gene could not be 
correct, since it applied to the whole population and must therefore be 
“fiir die Populationen in den Herdgebieten (isolates) und angrensenden 
Teilen zu niedrig, fiir die Lakunen dazwischen zu hoch. . . .”’ 
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We must therefore calculate the gene frequency within the isolates 
with the aid of Dahlberg’s (1943) formula,‘ 


c(1 + 15r) 


k= 
16r 


in which & is the frequency of first cousin marriages among parents of 
juvenile amaurotics, c is the frequency of cousin marriages arising at ran- 
dom in the isolate population and r is the frequency of the gene. In the 
present case we may use for k the value of 15% found by Sjégren, and for 
c the value 0.45% derived from data supplied by Professor Dahlberg on 
cousin marriages among parents of 17,016 children in public schools in 
country districts of southern and central Sweden in 1947. This gives 
r = 0.0019, corresponding’ to 7? = 0.00000361 or about 4 homozygotes 
per million as compared with 4 per 100,000 as found by Sjggren. The 
assumption of 0.45% cousin marriages thus leads to an estimate of homo- 
zygote frequency in the isolates which is 1/19 of the actual frequency in 
the whole population in 1930. This evidently is absurd. The frequency 
of cousin marriages in the isolate population must therefore be higher. 

Sjggren, in considering this problem, assumed a frequency of cousin 
marriages of 1% and when this value is substituted in equation 1, the gene 
frequency r = 0.0044 is found, corresponding to r? = 0.000019 or about 
2 homozygotes per 100,000. This figure is also too low. In these cases, 
it is probable that the frequency of cousin marriages in the isolates has been 
underestimated, for Sjggren’s data were chiefly from idiots diagnosed in 
the period 1896-1930, whose parents would therefore have been married 
some 30-40 years earlier when the rate of cousin marriages in restricted 
country districts was probably much higher. (Unpublished data of Pro- 
fessor Dahlberg indicate that the cousin marriage rate in the Swedish 
nobility declined sharply in the period 1870 to 1930.) It is probable 
that a cousin marriage rate of 2% in the isolates for the relevent period is 
not an overestimate. Usingc = 2% andk = 15% we get a gene frequency 
in the isolates of 0.009524 or r? = 0.00009, about 1 homozygote per 10,000 
in the isolates. 

If we assume that all cases of juvenile amaurotic idiocy are born in the 
isolates, where alone the gene frequency and rate of cousin marriage are 
high enough to produce them, then we may estimate the fraction of the total 
population contained in the isolates as 42.5%. (Roughly, if the frequency 
of homozygotes in the whole population is about 1 per 25,000, as found by 
Sjégren, and about 1 per 10,000 in the isolates, as estimated from the 
cousin marriage fraction, then the isolates constitute about 40% of the 
population.) Of the Swedish population of 6,074,368 in 1930 the isolates 
containing this gene thus comprised 42.5% or 2,580,000 persons. With 
a homozygote frequency of 0.00009 we should expect to find about 230 
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homozygotes in such a population. The frequency can be applied, how- 
ever, only to that age fraction of the population in which juvenile amaurotic 
idiocy occurs, namely, in children between 7 years (onset of blindness) 
and 18 years (age at death). In 1930 there were 1,226,000 persons in 
these age groups in Sweden, or about 20% of the population. Since the 
chance of detection is thus 20%, we take 20% of 230, or 46, as the number 
of homozygotes which we may expect to find alive at one time. For the 
ten-year period 1912-1921 Sjggren found an average of 52 juvenile amau- 
rotic idiots alive at one time. The discrepancy between the actual figure 
and that calculated on the assumption of a cousin marriage rate of 2% 
and a gene frequency in the isolates of 0.009524 is not so great as to dis- 
credit the latter computation. 

It is possible to estimate the average size of the isolates from the fre- 


quency of cousin marriges using the relation » — 1 = ee (Dahl- 
berg, 1943), where m is the size of the isolate population, c is frequency of 
cousin marriage and 6 is number of-children per family. (In the stationary 
Swedish population ) may be taken as 2.) Where c = 0.02 the isolate size 
is about 200. The minimum frequency of the gene could hardly be less 
than 2 heterozygotes per isolate, in this case a gene frequency of about 
0.01, which is not far from the value 0.009 as estimated above. 

There is thus a fair agreement between the frequency of homozygotes 
predicted by the theory and the numbers actually found by Sjggren. It is 
important, however, to emphasize that even this measure of agreement is 
reached only by assuming a rate of cousin marriage which is much higher 
than that which occurs today. This is to say that the calculations apply 
to conditions which no longer exist and illustrates one of the difficulties in 
testing such theories by data from human populations. A rigid test of 
the methods used would require not only actual data on the cousin marriage 
rate but estimates of the numbers of people in some of the isolates within 
which the gene occurs, for comparison with predicted numbers. An 
attempt has been made to estimate the numbers of people in the “‘Heterozy- 
goten-Herden”’ identified by Sjggren but the uncertainty of isolate bound- 
aries and the unlikeness in the population distribution in different areas 
have made this impractical. 

Nevertheless the distribution of this rare gene, with a higher frequency 
in its centers, and a low or zero frequency in the rest of the population 
illustrates a fact about human populations which is essential to recognize. 
The methods for dealing with gene frequencies in isolates can be used as 
rough approximations, and indicate the variables which must be measured 
in future studies of gene distribution. 


* The author acknowledges with gratitude the hospitality of the Institute and the 
advice and kindness of the Director, Professor Gunnar Dahlberg. 
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THE NATURE OF GENE ACTION AS SHOWN BY CELL-LIMITED 
AND CELL-DIFFUSIBLE GENE PRODUCTS 


By DONALD F. JONES 
CoNnNEcTICUT AGRICULTURAL EXPERIMENT STATION, NEW HAVEN 
Communicated September 28, 1947 


The gene markers previously used to identify chromosome:aberrations 
in the endosperm of the maize seed produce cell areas with well-defined 
boundaries when dominant genes are removed from the’ tell allowing their 
recessive alleles to operate. These tissue alterations are brought about 
during development by any process that removes chromosomes in whole 
or in part from the cell. The change occurs in the nucleus but the effect 
is visible in the cytoplasm. Isolated single cells show these changes. 
Obviously something passes through the nuclear membrane, either from 
the nucleus to the cytoplasm or in the reverse direction, but does not go 
beyond the cell membrane since no cell division has occurred in the single 
cell alterations to liberate nuclear products into the cytoplasm or the 
reverse. 

Where the effects of the gene products are confined within the cell such 
genes may be considered as cell-limited. Genes of this type in maize 
aleurone are C, R, Pr and J. For illustration of this type of gene action 
see figure 1 and Jones! * and Clark and Copeland.’ 

In marked contrast to these cell-limited genes are the cell-diffusible 
genes where the gene products pass through the cell wall and affect adjoin- 
ing cells over a considerable area. The A;, Az and Y color genes in maize 
are of this type. The A series of anthocyanin genes are necessary to pro- 
duce color in all parts of the plant. In the recessive condition the aleurone 
is colorless, the cob and pericarp are brown and the other parts of the 
plant are green or brown, dependifig upon other genes present. The domi- 
nant allele produces anthocyanin in the leaves, silks, glumes, anthers, 
aleurone and scutellum when the complementary genes are present. When 
A is removed from the aleurone by the loss of the locus containing this gene 
that part of the seed is colorless. However, there is a gradual diminution 
in color from the pigmented to the unpigmented area extending over an 
area of several cells so that the border is not distinct as it is in other color 
changes involving C, R, Pr and J. Evidently something diffuses through 
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the cell walls from the pigmented cells into the unpigmented cells for a 
considerable distance. The colored cells bordering the uncolored area 
are also darker over a distance of about ten cells adjoining the uncolored 
area. 





FIGURE 1 FIGURE 2 


Figure 1. A change from colorless to colored aleurone cells in a maize seed resulting 
from the removal of a dominant color inhibitor, a cell-limited gene. 

Figure 2. A change from colored to colorless aleurone cells in a maize seed result- 
ing from the removal of the dominant color producer, A, a cell-diffusible gene. Note 
the gradation in color from dark to light areas and the darker border areas between 
the colored and colorless areas. 


The colorless cells produce something that is not used but diffuses into 
the cells containing the dominant allele and forms a band of darker colored 
cells. See figure 2. This is an interaction between different alleles at the 
same locus producing an effect that is greater than that produced by 
either allele alone and is analogous to heterosis which is normally effected 
within the cell. 

Other cell-diffusible genes of this type are the Y endosperm color genes. 
In these cases there is no darkening of the border cells containing the 
dominant allele, only a gradual diminution of color from yellow to 
colorless. Somnie of the chlorophyll-controlling genes of the zebra pattern 
type are probably cell-diffusible. The margins of these bands of lighter 
green chlorophyll running across the leaf are usually indistinct. However, 
these have not been observed in areas where the dominant gene has been 
removed in somatic tissue. Many of the chlorophyll genes are cell-limited 
as shown by the well-defined stripes of green and white tissue in the leaves 
running lengthwise. These differently colored areas are produced normally 
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in the recessive condition but there are also cases where the colorless areas 
result from the removal of the dominant allele by chromosome aberration 
or by mutation and the margins are usually ‘distinct. 

The pericarp (P) and the plant color factor (B) are also cell-limited 
genes. Endosperm genes controlling the reserve food formation such as 
sugary (su), waxy (wx) and brittle (bt) are cell-limited. Adjoining cells 
show clear-cut effects of the dominant or recessive allele with no gradation 
either way. The shrunken (sh) condition does not appear in.small recessive 
areas and this may be a cell-diffusible gene. Dull, floury, mealy, opaque 
and many defective genes have not been observed in adjoining dominant 
and recessive areas. Many seeds heterozygous for miniature and other 
defective genes have been examined and no recessive areas have been found. 
Either these genes are cell-diffusible or cell-lethal. 

Cell-diffusible genes of the A type furnish an excellent example of a gene- 
substrate interaction. Since the gene products are transferred from cell 
to cell they are capable of extraction and analysis as shown by Sando and 
others.‘ Working with purple husked maize, the purple color dependent 
upon the presence of the dominant A gene, they obtained evidence for the 
conversion of flavanols to anthocyanidins by reduction of their correspond- 
ing homologous glucosides. 

It has been shown by Clark’ that the genes controlling the development 
of the male gametophyte in maize operate normally when separated in the 
cell into a number of small nuclei, provided a full complement of chromo- 
somes is present. This evidence, together with the facts reported here, 
shows that gene products are effective outside the nucleus and ‘that the 
interaction between different genes and different alleles of the same gene 
takes place in the cytoplasm in some cases. 


1 Jones, D. F., “Somatic Segregation and Its Relation to Atypical Growth,”’ Genetics, 
22, 484-522 (1937). 

2 Jones, D. F., ‘‘Nuclear Changes Affecting Growth,” Am. J. Botany, 27, 149-155 
(1940). 

3 Clark, F. J. and Copeland, F. C., ‘““Chromosome Aberrations in the Endosperm 
of Maize,” Ibid., 27, 247-251 (1940). 

4 Sando, C. E., Milner, R. J., and Sherman, M. §S., ‘Pigments of Mendelian Colour 
Types in Maize. Chrysanthemin from Purple Husked Maize,’”’ J. Biol. Chem., 109, 
203-211 (1935). 

5 Clark, F. J., ‘‘The Germinating Capacity of Maize Pollen Having Aberrant Nuclei,” 
Bull. Torrey Bot. Club, 70, 449-456 (1943). 
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THE INFLUENCE OF X-RAYS AND NEAR INFRA-RED RAYS ON 
RECESSIVE LETHALS IN DROSOPHILA MELA NOGASTER* 


By BERWIND P. KAUFMANN AND HELEN GAY 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, COLD SPRING 
HARBOR, NEW YORK 


Communicated October 1, 1947 


The study here reported concerns the effect of supplementary treatment 
with near infra-red radiation on the frequency with which x-ray-induced 
recessive lethal mutations are produced in Drosophila melanogaster. Earlier 
work had shown that when near infra-red rays (A ca. 10,000 A) are used 
prior to x-rays in the treatment of the spermatozoa of D. melanogaster, a 
marked increase occurs in the frequency of detectable chromosomal re- 
arrangements over that of controls receiving only the dose of x-rays. On 
the other hand, the percentage of dominant lethals is not significantly 
higher when near infra-red treatment precedes the x-rays than when 
x-rays alone are used.' We have now collected additional data which 
indicate that such supplementary treatment has no significant effect in 
this species on the frequency of production by x-rays of sex-linked recessive 
lethals.?" ‘ 

Experimental procedures involved the use of the C/B method for de- 
tection and verification of X-chromosome lethals. Irradiated males were 
mated with females of the constitution CIB v/ec ct® v g*; Cy/Pm. The 
maintenance of Pm in the stock, and the selection of F, females carrying 
this marker, readily permitted the detection of the non-disjunctional 
XX Y exceptions, because of the suppressing effect of the Y-chromosome on 
eye-color variegation, and facilitated thereby the diagnosis and scoring of 
the F; cultures. 

Males of the Swedish-b® stock were used; they were obtained from 
cultures derived from a single pair of flies that had been tested cytologically 
to insure freedom from chromosomal aberrations. The males were selected 
three to five days after their emergence and divided into two groups of 
approximately equal numbers. One of these groups was exposed to near 
infra-red radiation (as described by Kaufmann, Hollaender and Gay, 
1946)! for a period of 48 hours either preceding (pretreatment) or following 
(post-treatment) exposure to x-rays. During this two-day period the group 
of males that represented the ‘‘controls’’ was kept at a temperature of 
18°C. Both groups were exposed simultaneously to a 3000-roentgen 
dose of x-rays in capsules lying side by side. Following the combined 
treatment, the males were mated with C/B females and allowed to remain 
in culture bottles for three days before being discarded. This relatively 
short mating period was chosen as a standard in order to permit determi- 
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nation of the effect of post-treatment, as well as that of pretreatment, since 
in the span of three days the accelerating action of near infra-red radiation 
on the progress of spermatogenesis (detected in an earlier study)! is not 
sufficient to make sperm ‘that was immature at the time of x-ray treatment 
available for transfer in copulation. 

Results —The lethal-mutation rates determined by these tests are 
indicated in table 1. Males exposed to near infra-red radiation alone 
provided only 4 lethals among 2316 spermatozoa tested. The percentage 
of mutations (0.17 + 0,08) is not significantly different from that occurring 


TABLE 1 


LetHaL MutTaTION Rate (CIB Tests) AMONG SPERMATOZOA OF MALES EXPOSED TO 
X-RAYS OR TO X-RAYS PLuS NEAR INFRA-RED RAYS 





TYPE OF TREATMENT: ————— NUMBER —— 
X-RAY IN ROENTGENS, SPERMS LETHAL PER CENT 
NEAR INFRA-RED IN HOURS TESTED MUTATIONS MUTATIONS 
NIR 48 hrs. 2316 4 0.17 += 0.08 
X-ray 3000 r 3393 253 7.46 += 0.45 
3000 r + 48 hrs. 1989 145 7.29 + 0.58 
48 hrs. + 3000 r 1770 124 7.01 + 0.61 


among spermatozoa of one- to two-day-old males of the Sw-b stock at 
22°C.* Near infra-red radiation in itself, therefore, does not appear to be 
effective in inducing the types of change that are represented among the 
group of recessive lethals. Nor does this type of radiation when used 
prior to or subsequent to a 3000-r dose of x-rays modify to an appreciable 
extent the frequency of induced lethal mutations, since, as table 1 indicates, 
samples of the pretreatment and post-treatment series and the controls 
all yielded about 7 to 7.5% of lethals. (The difference between this fre- 
quency and the 8 to 8.7% reported for the 3000-r dosage level by other 
workers may be attributable in part to differences in the stocks used, or 
to differences in dosimetry.) 

In order to appraise these findings, an effort was made to determine 
the frequency of occurrence of chromosomal rearrangements among the 
group of recessive lethals. Previous studies, utilizing salivary-gland- 
chromosome preparations, had revealed that in some cases there is no 
detectable chromosomal alteration at the locus of the induced lethal, 
whereas in others there is a deficiency of one or more bands, or involvement 
in a gross rearrangement, often without any visible deletion.‘~’ The 
proportion of the lethals associated with chromosomal rearrangements 
has been determined in a series of experiments;‘. *—"! it appears, on the 
basis of the limited data available, to vary wth the x-ray dose, but at the 
3000-r level is of the order of magnitude of 35% (summarized data are 
given by Lea and Catcheside). Comparable values were obtained for 
100 of the 526 lethal mutations detected in our experiments. The 100, 
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selected at random in equal numbers from the combination-treatment 
series and the controls, were analyzed by the ‘salivary-gland-chromosome 
method. Among 50 derived from the combination treatment, 18, or 36%, 
showed gross rearrangements involving the X-chromosome; 11 were 
found among 25 lethals examined in the pretreatment series, and 7 among 
25 in the post-treatment series. In the control group, 14 out of 50, or 
28%, revealed X-chromosome rearrangements. The aberrations were 
of the types that are customarily detected by salivary-gland-chromosome 
analysis following treatment of males with a 3000-r dose of x-rays, and 
included large deficiencies, transpositions, inversions, reciprocal transloca- 
tions, and complex rearrangements involving two or more chromosomes. 
We have not carried out the extensive series of genetic tests that would be 
required to determine the precise location of the lethal mutation with 
respect to the points of breakage involved in each rearrangement; but, in 
the light of Demerec’s finding’ that a breakage point coincided with the 
locus of the lethal in 24 of 26 cases studied (92.3%), it appears that a similar 
correlation may obtain in our material. 

Discusston.—The data and the considerations here presented indicate, 
therefore, that a considerable fraction of the lethal mutations induced 
in our experiments is associated with gross structural changes in the 
chromosomes. Rearrangements of the types represented had been found 
in an earlier experiment to increase in frequency about 50% when treat- 
ment of the spermatozoa with near infra-red radiation preceded a 4000-r 
dose of x-rays.'. However, we have not found a corresponding rise in the 
frequency of recessive lethals when such combination treatment is applied. 
This suggests that the lethals associated with gross chromosomal alterations 
are not dependent for their expression on the production of rearrange- 
ments. If they were, pretreatment with near infra-red radiation should 
effect an increase of about 1 to 1.5% in the frequency of recessive lethals 
over that in the x-ray controls. 

Analysis of dose-frequency relations determined experimentally in 
studies of lethals and chromosomal aberrations had previously led Lea and 
Catcheside® to formulate a detailed theory based on the alternative as- 
sumption that radiation-induced recessive lethals and chromosomal re- 
arrangements in Drosophila result independently from a single type of 
primary effect. This interpretation has also been formulated by Hers- 
kowitz.'! Fano,'* however, in a recent note, has pointed out that the 
consequences of this alternative assumption also are at variance with the 
total experimental evidence. The evidence now available from the near 
infra-red experiments makes it seem reasonably certain that the negative 
portion of the theory advanced by Lea and Catcheside concerning the 
origin of recessive lethals is essentially correct—namely, that the lethals 
associated with chromosomal rearrangements in Drosophila do not repre- 
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sent a special class caused by position effect and requiring two ionizing 
particles for their production. 

In the absence of any acceptable comprehensive theory of the mechanism 
of induction of lethals and of viable rearrangements, it may still be useful 
to compare the values obtained experimentally following the combination 
treatment with theoretical estimates derived from alternative assump- 
tions. These estimates, supplied by Dr. U. Fano, were based on the 
methods developed in his previous note;'* the pertinent calculations will 
be published in Year Book No. 46 of the Carnegie Institution of Wash- 
ington. In making the estimates it has been assumed tentatively (in 
agreement with the data obtained at 4000 r) that the frequency of cyto- 
logically detectable X-chromosome breaks induced by an x-ray dose within 
the range from 2000 r to 4000 r will be increased by 50% under the influence 
of infra-red treatment. The infra-red treatment should then have the 
following effects: 

1. The frequency of sex-linked recessive lethals at 3000 r should in- 
crease by about 17% if !/; of those lethals were due to position effect, and 
decrease by about 5% or more according to the Lea-Catcheside hypothesis. 
Our experimental results show a decrease of this order of magnitude 
(table 1, line 4 compared with line 2), although the difference is not statis- 
tically significant. 

2. The fraction of sex-linked recessive lethals associated with rearrange- 
ments should increase from approximately 1/3; to */; according to the 
position-effect hypothesis, and to over '!/2 according to the Lea-Catcheside 
hypothesis. Our experimental data show an over-all increase from 28 
to 36%, which is more fiearly comparable in magnitude with that expected 
on the former hypothesis than on the latter. It should be pointed out, 
however, that in these experiments the number of cases analyzed is small, 
and the errors correspondingly large (28 + 6%, and 36 + 7%). More- 
over, among the group of lethals induced by x-rays following pretreatment 
with near infra-red radiation—the type of experiment in which the 50% 
increase in frequency of viable chromosomal rearrangements was effected— 
there were 11 lethals associated with chromosomal rearrangements out of 
25 examined, a frequency of 44 + 10%; and this value, although not 
statistically significant, might be reconciled with the Lea-Catcheside 
hypothesis. 

3. The fraction of eggs hatching when the spermatozoa used in their 
fertilization had been exposed to 2000 roentgens of x-rays should be re- 
duced by not less than about 10% (of the fraction itself), according to either 
hypothesis. Our actual counts! correspond closely to this expected value, 
since 51.4% of the eggs hatched when sperms were treated with 2000 
roentgens of x-rays, and only 46.7% when treatment with near infra-red 
radiation preceded the x-rays. 
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It is obvious, therefore, that the application of this type of analysis to 
the formulation of a general theory of the origin of lethals and chromosome 
rearrangements will require more extensive data than have been provided 
in the present paper. Further pertinent data might also be obtained from 
a study of frequency of the various types of change induced by x-rays at 
different dosage levels following pretreatment with near infra-red radiation. 

The experimental data here presented, in conjunction with those ob- 
tained in earlier experiments,': '‘ permit a more comprehensive view than 
was previously possible of the action of near infra-red radiation in modify- 
ing the frequency of x-ray-induced chromosomal rearrangements in 
Drosophila. This “‘sensitizing’’ action now appears to apply to the pro- 
duction of viable chromosomal rearrangements, which are detected by 
salivary-gland-chromosome analysis, and presumably also to their inviable 
counterparts, the multiple-break type of lethals that lead to death in 
embryonic stages of the individuals carrying them. Supplementary 
treatment with near infra-red radiation did not effect any significant 
increase in the frequency of the single-break type of dominant lethal, or 
of sex-linked recessive lethals. These findings, together with our observa- 
tions that near infra-red radiation in itself is ineffective in inducing either 
lethal mutations or chromosomal rearrangements, suggest that this agent 
is not responsible for initiating or producing breakage of chromosomes. 
As was pointed out in our earlier publication,’ near infra-red radiation of 
wave-length 10,000 A provides only about 1.2 electron volts wherever a 
quantum is absorbed, and this amount is not as a rule sufficient to break 
chemical bonds. Under these conditions the production of primary 
breaks would be a function of the x-ray dose alone, even in treatments 
that combine near infra-red and x-rays. In appraising this interpretation, 
consideration must be given to the finding of Swanson and Hollaender’? 
that treatment of microspores of Tradescantia with near infra-red rays 
following their exposure to x-rays produces a significant increase in chromo- 
some breakage beyond that found in the controls. In order to relate to 
a single mechanism the modifying action of near infra-red radiation when 
used prior to or subsequent to x-rays, these authors have suggested that 
the chromosome structure may be weakened by either type of radiation 
and that the supplementary action of the other may then be effective in 
producing a thoroughgoing break. This interpretation attributes the 
increased frequency in detectable chromatid breaks to an increase in the 
number of primary breaks. Since we have not found evidence in our 
experiments with Drosophila to support this assumption, we are inclined 
to the point of view indicated in our earlier publication'—that near infra- 
red radiation acts as a “‘sensitizing’’ agent by increasing the number of 
breaks available for participation in the production of new chromosomal 
rearrangements. This increase could be realized if recombination were 
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facilitated at the expense of restitution. Such a mechanism would account 
for the fact that in Tradescantia the frequency of double deletions, which 
presumably are realized, immediately following the production of the 
lesion by x-rays, is increased by pretreatment but not by post-treatment 
with near infra-red, whereas single deletions and interchromosomal ex- 
changes are increased in frequency both by pretreatment and by post- 
treatment. We have not completed a detailed analysis of the effect on 
the chromosomes of the x-rayed spermatozoan of Drosophila of exposure 
to a dose of near infra-red radiation equal to that used in the pretreat- 
ment experiments; but exposure for shorter intervals of eggs fertilized by 
x-rayed sperm has elicited chromosomal rearrangements with a frequency 
in excess of that obtained in controls kept at 18° to 28°C.'* Facilitation 
of chromosome movement may have been an important factor in promoting 
recombination in these cases, since the eggs were exposed during the 
period of syngamy and early cleavage, when the potential breaks first 
become available for participation in the formation of rearrangements. 
On the other hand, the pronounced effect of near infra-red radiation in the 
pretreatment experiments emphasizes the possibility that this agent may 
produce such changes in the materials of the chromosomes that the process 
by which restitution is normally effected is either inhibited or delayed, 
thereby making additional breaks available for the formation of new 
combinations. 

The more precise definition of the mode of action of near infra-red radia- 
tion that is now possible opens the way for an attack on questions relating 
to its effect on specific cellular components; it also emphasizes the poten- 
tialities of this agent as a tool in experiments designed to modify the re- 
combination phase of the process of induced structural change. 

Summary.—Supplementary treatment of the spermatozoa of D. melano- 
gaster with near infra-red radiation does not effect any significant increase 
in the frequency of production by x-rays of recessive, sex-linked lethal 
mutations. Analysis of a sample of 100 of these lethals by the salivary- 
gland-chromosome method revealed that 32% were associated with gross 
chromosomal alterations. A consideration of these data and those ob- 
tained in previous experiments suggests that radiation-induced recessive 
lethals are not attributable primarily to a position effect dependent on the 
establishment of new associations by the gene concerned. Consideration 
of the combined data also suggests that near infra-red radiation, when used 
as a supplementary treatment, is effective in increasing the frequency of 
chromosomal rearrangements by facilitating recombination, presumably 
at the expense of restitution, among the ends of chromosomes broken by 
the ionizing radiation. 
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ON INFINITE COMPLEXES WITH AUTOMORPHISMS* 
By BEno ECKMANN 
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SWITZERLAND 


Communicated July 28, 1947 


When in an infinite complex K a group G of automorphisms operates 
without fixed cells and with finite fundamental domain, then there exist 
purely algebraic relations between certain homology properties of K 
and the abstract structure of G. This is established in the present note as 
an application of a previous general result,! and geometric examples are 
investigated, concerning, in particular, coverings of closed manifolds and 
their homotopy groups. 

1. Let K be a closure finite complex in the sense of combinatorial 
topology; its finite integer chain groups will be denoted by C,, the bound- 
ary homomorphism of c » into C,-1 by 0, nm 2 0 (C_1 is the additive group 
of integers, and the boundary of a 0-cell ¢ is defined by Oco = 1), and the 
homology groups based upon finite integer chains by H,. If H, = 0, K 
is said to be acyclic in the dimension n; when K is a geometric complex, 
Ho = 0 means that it is connected. 

For a given Abelian coefficient group J, an n-cochain f” in K, n 2 0, is 
a J-valued function of the m-cells c, of K, or a homomorphism of C, into 
J; its coboundary 6f" is the (m + 1)-cochain defined by 6f"(an41) = 
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f"(Odn+1) for all an+1€C,+1. The group of all n-cochains is denoted by C"; 
5 is a homomorphism of C” into C"*!, with kernel Z", and with 65 = 0. 
H” = Z"/6C"— is the nth ordinary cohomology group of K, n = 0 (by 
5C—! we understand 0). 

A cochain f” is called finite, if f"(c,) # 0 for only a finite number of n- 
cells c, of K; the finite -cochains form a subgroup ©” of C”. If K is also 
star finite—i.e., if the coboundary of a finite cochain is always finite—, 
then the groups C” lead to “‘finite’”” cohomology groups 3c” of K, n 2 0. 
By (3%")o we denote the subgroup of 3¢” defined by those finite cocycles, 
which are coboundaries of arbitrary cochains e C"—! (i.e., (3¢")y in the kernel 
of the natural injection of 3c” into H”). 

2. Now we suppose that K is a “complex with automorphisms’ ; 
this means that a group G of automorphisms of K without fixed cells is 
given. In other words, K is a regular covering of a complex R and G the 
corresponding group of covering transformations. The set of all cells 
XCn, x € G, for a certain cell c, of K, is called a transitivity domain of G; there 
is a one-one correspondence between the cells of K and the transitivity 
domains of G in K. 

A cochain f” of K will be called G-finite, if it is finite on each transitivity 
domain; i.e., if, for each cell c,, f"(xc,) # 0 for only a finite number of 
elements x eG. A function of x e G with that property will be said in short 
to be ‘‘almost 0." When ” is G-finite, then f"(xa,) is almost 0 for any given 
chain a, and it follows that 5f"(xan+1) = f"(*0d,+1). is almost 0 for any given 
(n + 1)-chain a,41; i.e., that the coboundary of a.G-finite cochain is 
again G-finite. Hence the G-finite cochains lead to G-finite cohomology 
groups. . 

In a previous note’ I introduced in a complex with automorphisms, for a 
given group y of J-valued functions of x e G, y-cohomology groups Hj, 
n = 0; they are defined by means of cochains which on each transitivity 
domain are elements of y. When y is the group of all almost 0 functions 
from G to J, these Hj are obviously identical with the G-finite cohomology 
groups of K defined above. We shall use here the notations and results 
of [1], for that special y only; Hj will denote the G-finite cohomology 
groups of K, (H7)o the subgroup of H7 consisting of those G-finite cohomol- 
ogy classes which are in the 0-class of H” (the kernel of the injection of 
Hj into H"). ; 

3. Let G be an arbitrary group. We consider J-valued functions 
f" (x0, X1, ...; Xn) of m + 1 variables « G,n = 0, with the property that for 
any given Xo, %1, ..., X, the function f"(xxo, «x1, «.., XX,) of « € Gis almost 


0. By df” we understand the function of n + .2 variables eG defined by 
n+1 


Sf" (a0) X1y - --y Kets) = Dy (HL H(xo, .. 5 Mea, Ken, «- -) Xn+1), Which ob- 
. i=0 : o ig ‘ 
viously has the same property: Let F” be the group of all these functions 
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A n2=0Q. 6isa homomorphism of F* into F"+!, with kernel F%, and with 
= 0. The ‘‘cohomology groups’ F>/5F"—'!, n = 0 (by 5F-! we under- 
sain 0) will be denoted by II"(G, J). 

These groups II"(G, J), associated with -G and J in a purely algebraic 
way, may be considered as the G-finite cohomology groups of a certain ab- 
stract complex Kg with the automorphism group G (cf. [1], §5; with the 
notation used there, they had to be denoted by I,” (G, J), y being again 
the group of all almost 0 functions from G to J). 

4. We return to the complex K with the automorphism group G con- 
sidered in §2, and we suppose that K is acyclic in all dimensions < N 
(N being a positive integer). E.g., if K is a connected geometric complex, 
this holds for N = 1, if K is simply connected for N = 2. From the gen- 
eral result of [1], §8, we deduce the following isomorphisms for the G- 
finite cohomology groups Hy of K: 


(4.1) Ht ~II"G, J), n<\N, 
(EN NY), & 1G, J). 


This means, roughly speaking, that in an acyclic complex with auto- 
morphisms the G-finite cohomology groups are determined by the abstract 
structure of the automorphism group G (and by J) and are given by the 
explicit description in §3. 

5. Now we assume further that G has in K a “‘finite fundamental do- 
main.’ This means that in each dimension the number of transitivity 
domains is finite; in other words, that K is a covering of a finite complex 
SR and G the corresponding covering transformation group. In this case 
a G-finite cochain is the same as a finite one, and Hy is identical with the 
nth cohomology group of K based upon finite cochains, denoted in §1 by 
x"; (Hj)ois the group (3C")o. These groups 3c" and (3C")o are, of course, 
defined in K independently of any automorphism group. But from the 
above result (4.1) it follows: 

TuHeoreM (5.1): Let K be a complex which is acyclic in all dimensions 
< N, and G a group of automorphisms of K without fixed cells and with finite 
fundamental domain. Then x" = II"(G, J), n < N, and (3C*)o = IG, J). 

This is the main result of this note. It states, for example, that for dif- 
ferent automorphism groups G operating in the same complex, the condi- 
tions of the theorem being fulfilled, the groups II*(G, J) are isomorphic; 
and that, when the same group G operates in different complexes, their 
groups 3C” must be isomorphic. 

The groups 3c” and (3C")o of an infinite polytope appear to have a geo- 
metric meaning, in connection with its ‘“‘end-points’’ in the sense of Freu- 
denthal and Hopf;? this will be studied elsewhere. Further results can 
be obtained in terms of the residual cohomology groups of the cohomology 
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sequence (relative to ¥; cf. [1], §3). We give here only two immediate 
applications of the theorem (5.1); the result of the second is well known. 

6. Let Dt be a closed orientable manifold of dimension m, aspherical in 
all dimension n, 1 <  < N (i.e., a continuous map of an #-d mensional 
sphere into Jt is always nullhomotopic, for these m; or the homotopy 
groups of Mt, 7,(M), are = 0,1 << N). Let G be the fundamental 
group of Jt, M its universal covering. Then the following isomorphisms 
hold for the homology groups of M: 


(6.1) H,(M) = II"-"*(G, J), n>m—N, 


J being the group of integers. For by the duality theorem for manifolds 
H,(M) = 3"-"(M), and (6.1) follows from (5.1). If in particu ar N > 


us (6.1) holds forn = N. Since x,(M) = 2,(M) = 0,1 <2 < N,and M 


is simply connected, then by a theorem of Hurewicz® Hy(M) is isomorphic 
to my(M), which in turn is isomorphic to my(Mt). Hence 


(6.2) wy(M) = 1"-(G, J), 


J being always the group of integers: Jf Mis a closed orientable manifold 
of dimension m, N an integer with = < N &S m, and if x,(M) = 0 for 


1 <n < N, then ry(M) is determined by the fundamental group G of M 
and given explicitly as the group 11I"—*(G, J). 

In a closed orientable 3-dimensional manifold I, for example, we have 
always w(t) = (G, J). This result has already been established by 
Specker (in an as yet unpublished paper), who introduced, for the same 
purpose, a group isomorphic to our II‘(G, J). 

7. Let M be an open orientable manifold of dimension m, acyclic in all 
dimensions, G an automorphism group of a cell subdivision of M, without 
fixed cells and with finite fundamental domain. Since, for any coefficient 
group J, 3%" = Ofor > m, and by the duality theorem 3¢” = J, 3" = 0 
for  < m, it follows from (5.1) that II"(G, J) = 0 for all m except for n = 
m, where II™(G, J) = J. Hence there exists an algebraic relation between 
the dimension of M and the group G: It 1s impossible to have in two open 
acyclic mantfolds of different dimensions isomorphic automorphism groups 
without fixed cells and with finite fundamental domain.‘ 

Examples:* (1) If two closed manifolds both have a Euclidean space as 
universal covering, and if their fundamental groups are isomorphic, then 
they are of the same dimension. (2) A free Abelian automorphism group 
(without fixed cells and with finite fundamental domain) of an open acyclic 
manifold of dimension is of rank m. 
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The results of the whole note can be generalized, when homology groups 
and acyclicity with other coefficients than integers are considered. 


* Presented to the American Mathematical Society, April, 1947. 
1 Eckmann, B., these PROCEEDINGS, 33, 275-281 (1947). This note is referred ‘to in 


the text by [1]. 

? Freudenthal, H., Math. Zeitschrift, 33, 692-713 (1931); Hopf, H., Comment. Math. 
Helv., 16, 81-100 (1943/44). 

3 Hurewicz, W., Proc. Akad. Amsterdam, 38, 521-528 (1935), Theorem I. 

4 Cf. Hurewicz, W., Ibid., 39, 215-224 (1936), Section 6. 


AN OSCILLATION THEOREM FOR CONTINUOUS SPECTRA 
By PHILIP HARTMAN AND AUREL WINTNER 
DEPARTMENT OF MATHEMATICS, THE JOHNS HOPKINS UNIVERSITY 
Communicated October 22, 1947 


Let p = p(t), g = q(t) be two continuous functions on the half-line 
0<t< ~ andletp>0O. Suppose that the differential equation (px’)’ + 
gx = 0 does not possess two linearly independent solutions x = x(t) of 
class (L*), i.e., that some solution is not contained in the Hilbert space 


Se? x%(t)dt <0 (1) 


(without loss of generality, all solutions.can be assumed to be real). The 
restriction thus imposed on the differential equation is satisfied if and only 
if a boundary condition, such as x(0) = 0 or x’(0) = 0 and generally 


x(0) cos ¢ + x’(0) sin @ = 0, (2) 
determines for 
(px’)' + @+ x = 0 (3) 


an eigenwert problem.’ 

It will be shown that, if the coefficient functions of (3) are fixed, there 
belongs to every: point \ of the line —.© < A < © at least one boundary 
condition (2) in such 4 way that \ becomes a point of the spectrum of the 
eigenwert problem (2), (3). In the terminology of F. Klein, this can be 
interpreted as representing a general “‘oscillation theorem’”’ of the Heine- 
Stieltjes type,” in the following sense: 

If the coefficient functions of (3) are fixed, every choice of (2) determines 
a spectrum S(¢), containing the point-spectrum P(@) (the latter can be 
vacuous). The derivative of the set S(¢) consists of the continuous spec- 
trum and of the cluster points of P(g). According to Weyl,* this deriva- 
tive is independent of ¢ and can, therefore, be denoted simply by S’. On 
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the other hand, S(¢), hence P(¢), will vary with ¢. Hence, what the 
theorem to be proved actually states is that, when ¢ varies, every \ not con- 
tained in the invariant set S’ must occur tn the point spectrum belonging to 
some o; as a matter of fact, that the same is true if only those points of 
the point spectra are considered which are neither in the continuous spec- 
trum nor among the cluster points of the point spectrum belonging to a 
fixed’¢. In other words, if R denotes the complement of S’ (so that R is 
an invariant set of \-values which is open, possibly vacuous), then points 
of the point spectra P(¢) will sweep through each of the open intervals 
(including half-lines) which constitute the invariant set R. It remains 
undecided whether, under reasonable restrictions, this movement of 
P(¢) over R must or need not possess that property of monotony which 
is suggested by the limiting case of classical oscillation theorems;* a case 
in which R degenerates into the entire )-line. 

It follows from Weyl’s theory’ that a given A is not in S(¢) if and only 
if, corresponding to every continuous g(t) of class (L”), the inhomogeneous 
differential equation 


(px’)’ + q + r)x = g (4) 


and the boundary condition (2) possess a (unique) solution «(4) satisfying 
(1). Hence, the italicized assertion is equivalent to the statement that 
there belong to every \ some ¢ and some continuous g(t) of class (Z*) in 
such a way that there does not exist any x(t) satisfying (4), (2), (1). The 
proof will be based on this re-wording of the theorem. 

It can be assumed that (3) has no non-trivial solution satisfying (1). 
For otherwise \ is in P(¢) for some ¢, and therefore in thé corresponding 
S(¢). Accordingly, the set S’ being invariant, the assertion becomes that, 
if \ and ¢ are arbitrarily fixed, the three requirements (4), (2), (1) fail to 
possess a solution x(t) for some continuous g(t) of class (L?). 

Let \ and ¢ be arbitrarily fixed and let x = y(t) be a non-trivial solution 
of (3) and (2) (such functions y(#) exist, since (1) is not required of x = y). 
Since y(#) does not vanish identically, there exists a positive 4 for which 
y(to) # 0. With reference to such a fo, consider on the interval 0S tS t 
_ the boundary value problem 


2(0) cos ¢ + 2’(0) sin @ = 0, 2(t) = 0 (5) 
for the differential equation 
(p2’)’ + qtAt+ uz = 0, (6) 


where ) denotes the fixed value to which y(t) belongs. Since (6) and the 
pair of conditions (5) represent a regular Sturm-Liouville problem, there 
exist characteristic values y, i.e., values corresponding to which (6) and 
(5) have a non-trivial solution z(t), where 0 S ¢ S t&. It should be noted 
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that, since 2(¢) does not vanish identically, the second of the conditions 
(5) prevents the vanishing of 2’(4). Accordingly & satisfies the following 
pair of conditions: 


y(t.) ¥ 0, 2'(b) # 0. (7) 


After X, ¢, y(t), fo, u, 2(t) have been fixed, define for 0 S ¢< © a function 
g(t) by placing 
g= —wzifOSt< handg = 0ifmhst< o. (8) 


In view of the second of the conditions (5), this g(¢) remains continuous at 
t = t&. Furthermore, g(#) is of class (L*), by the second part of (8). It 
will be shown that this g(¢) has the property needed for the completion of 
the proof. 

Suppose that g(t) fails to have the property in question. Then g(t) is 
such that there exists on the half-line 0 < ¢< @ a function x(¢) satisfying 
(4), (2), (1). It will be shown that the assumption of such an x(t) leads to 
a contradiction. 

First, if tf S t < ©, then (4) reduces to (3), by the second part of (8). 
Hence, x(t) satisfies (3) for tS t< ©. Since x(¢) satisfies (1) also, and 
since (3) is supposed to have no non-trivial solution satisfying (1), it follows 
that x(t) = 0 for 4 < t< © (otherwise a non-trivial solution of (3) and (1) 
would be represented by the function which is identical .with x(#) for 
t) S t < and is defined by the initial conditions x(4), x’(%) forO S t< 
to). But x(t) is a solution of (4) for 0 S ¢ < o and must therefore be 
differentiable at ¢ = t%&. Hence, the identical vanishing of x(t) form S 
t < © implies that 


x(to) ond 0, x’ (to) = 0. (9) 


Next, (5), (6) and the first part of (8) show that x = 2(t) satisfies (2) 
and is a solution of (4) for 0 < ¢ S th. Hence x(t), being a solution of 
(2) and (4) for 0 S t< ©, must be of the form 


x(t) = 2(t) + cy(f) forO StS h, (10) 


where y(¢) denotes that solution of (3) and (2) which has been chosen before 
(5), and the c occurring in (10) is an appropriate constant. 

If (10) is differentiated at ¢ = f, it follows from (9) that both z + cy 
and z’ + cy’ vanish at t = %&. Since this represents two homogeneous 
linear equations for 1, c, the determinant yz’ — zy’ must vanish at ¢ = fo. 
In view of the second of the conditions (5), this means the vanishing of 
yz’ att = t. Since this contradicts (7), the proof is complete. 


1 This criterion is equivalent to the fact on which the alternative of Grenzpunkifall 
and Grenzkreisfall has been based by H. Weyl, Math. Ann., 68, 220-269 (1910) (theorem 
5 on p. 238). 
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2 Cf. M. Bécher, Enc. der math. Wiss., Vol. 2, Part 1, 1900, pp. 450-457. 
8 Loc. cit., Vol. 1, pp. 251-252. 

4 Cf. loc. cit., Vol. 2, pp. 443-444 (Sturm) and pp. 453-455 (Lamé). 

5 Loc. cit., Vol. 1, p. 251. 


ON THE COMPOSITION OF QUADRATIC FORMS 
By H. C. LEE 
CAMBRIDGE, ENGLAND 
Communicated September 15, 1947 


In a recent paper Dubisch! has obtained some essentially new results on 
the problem of composition of quadratic forms. On the basis of these 
results I derive others by orienting the solution of the problem in the 


opposite direction. In this way the solution appears simpler and more . 


unified. . 

Let g(u) be a real non-singular indefinite quadratic form of index ¢ in p 
variables 1, ..., Up. Thus0<t< p. A (slightly special) case of the 
Hurwitz problem? in the real is to find a real non-singular quadratic form 
f(x) in n variables x, ..., Xn, such that 


g(u)f(x) = fo) 


where i, ..., ¥, on the right are real bilinear functions of ™, ..., u, and 
X1,..-,%n. It can be easily seen that the form f must have zero signature 
(and consequently m must be even). Furthermore, as concerns the relation 
between p and m, Dubisch’s results may be stated as follows: 


THEOREM 1. The Hurwitz problem is possible in the real if and only if 
n is the following arithmetic function of p: 


r =0 (mod 4), t =0, 1 (mod 4): % = p2?: 
for p = 2r + 14r =3 (mod 4), t =0, 3 (mod 4): nm = p2’; 

otherwise ; nm = pe2rti. 

r =3 (mod 4), t=0O (mod 4): nm = pl’; 

r =2 (mod 4), t =1, 3 (mod 4): nm = port. 
PPR OS r =0 (mod 4), t=3 (mod 4): nm = p-2°t?; 

otherwise : nm = p-2’t!: 


where u is any positive integer. 
Using these results and writing 


n = w-2%**(y odd; B.= 0, 1, 2, 3) 


we prove 
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p ts the following arithmetic function of n: 


fort = 
for t 
fort 
fort 


t#=1 
t =2 
t=3 


We now make n = y-2’ in every case: 
= w:2’*!, and r by r — 2 whenever n = u- 


= 0 (mod 4): 


2r+1 
2r + 2 
2r+1 


2r+ 2 


2r+ 1 
2r+ 2 


2r + 2 


1 (mod 4): 
2 (mod 4): 
3 (mod 4): 


4 : 
=1,2 : 
r=3 E 
ame > 
r =0 : 
Bouck a: 
r=2 c 
Seon 
every r 

iy =3 

ike Ry Oe 
r =0, 2 
Satara 


the following possible cases for n 





p= 
p= 
t=0 
p= 
p= 
P= 
t=1{? = 
p= 
p 
p= 
t=2 
‘a 
p= 
p= 
t=3 
p= 
p= 


bs 8a 
p< 8a 
bs 8a 


a. 
=. 
a. 


28; 


Proc. N. A. S. 


The Hurwitz problem is possible in the real if and only if 


— 3[8/3]; 


pb S 8a + B — 2[8/3); 


where [8/3] denotes the integer part of 8/3. 
Proof: From the results of Theorem | we obtain, omitting the insertion 
of (mod 4) in the congruences for simplicity, the following: 


nN 


2S = 3S ee ER 
b 


FS RPV WII 
I 


s 3s 8 8 
; ae 


9r+2 


i Fr 

= 2 + 1, r =0, 3; 
2r — 1, r =2,3; 
27 + 2, r =3; 
2, y =1, 2, 3; 
2r + 1, r=0; 
2r — 1 r = 2, 3,0; 
2r — 2, r =0; 
2r, r =1, 2,0; 
os every r 
2r, ‘ 
2r + 1, r=3; 
2r — 1, r =1, 2, 3; 
2r — 2, r =2,0; 
2r, r =2,0 


= 
be 


be 


Or. 
salt | 

° 1. 
7 i ial 
~Or+2. 
= ’ 


arr, 


thus replace r by r — 1 whenever 
In this way we obtain 
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But, by the nature of the problem, we see easily that, for a given n, if a 
value of p is possible, a smaller value of p is also possible. Guided by this 
principle we choose, for a given 7,‘the largest value #; of p in the above 
table, obtaining 


r= 4a+0: fi = 27 +1 = 8a+1; 
pao = tetl: pi = 2r = 8a + 2; 
~ ly = 4a+4 2: pi = 2r = 8a + 4; 
r=4a+ 3: fi = 2r + 2 = 8a+ 8; 
r=4a+0: dp: = 2r+1= 8a4+1; 
pay r=4a+l: pi = 2r = 8a + 2; 
r = 4a-+ 2: pi =-2r = 8a+ 4; 
r=4a-+3: pi = 2r — 1 = 8a+4+ 5; 
r=4a+0: pi = 2r = 8a+ 0; 
PPE has toad dint pi = 2r = 8a + 2; 
r=4a+2: pi = 2r = 8a+ 4; 
r=4a+3: - p = 2r = 8a + 6; 
r=4a+0: pi = 2r = 8a+ 0; 
pag li = tet: fi = 27 —1= 8a+1; 
r = 4a+ 2: py = 2r = 8a+ 4; 
r = 4a+ 3: fi = 2r +.1 = 8a + 7. 


But if we write a given m in the form u:2’, r is greatest when yp is odd. 
This furnishes (by the above table) the maximum possible values /; of 
p in the various cases. Theorem 2 is proved. 

As a consequence of Theorem 2 let us remark that in the complex domain 
the distitiction between ¢ = 0, 1, 2, 3 (mod 4) disappears, g(u) being re- 
ducible to a sum of squares. In this case, of the four sets of values /;, 
given in the above table, we should ‘take the first set which has largest 
values. Hence, in the complex, we have simply p < 8a + 2%.. This 
is precisely Hurwitz’ classical theorem in Radon’s form:* For positive 
definite forms it was first shown by Radon that this Hurwitz theorem 
holds also in the real.® 


1 Dubisch, R., Ann. of Math., 47, 510-527 (1946). 

2? Hurwitz, A., Math. Ann., 88, 1 (1928). 

3 Dubisch, loc. cit., 520. 

4 Radon, J., Abh. Sem. Hamburg, 1, 1-25 (1922). 

5 See also Eckmann, B., Comment. Math. Helv., 15, 358-366 (1943). 
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ON THE PROBLEM OF SIMILAR REGIONS 
By E. L. LEHMANN AND H. ScHEFFE 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY, AND DE- 
PARTMENT OF ENGINEERING, UNIVERSITY OF CALIFORNIA, LoS ANGELES 


Communicated September 8, 1947 


Fundamental in the Neyman-Pearson theory of testing composite 
statistical hypotheses is the problem of similar regions, that is, the problem 
of determining the totality of similar regions. In general a point set w 
in a space W might be defined as a similar region with respect to a family’ 
of measures on W if every measure in the family assigns the same value 
to w. In the case treated here W is a Euclidean space of points x = 
(x1, ..., Xn), and the family of measures is generated by a probability 
density’ p(x; 6) depending on a parameter @ = (6;, ..., 5). The family 
of measures is then represented by the set w of permissible parameter 
points @, the measure of a set w being 


Sob(x; 0)dx. (1) 


We make the blanket assumptions that all point sets considered are 
Borel sets, and all functions are Borel-measurable. 

The problem of similar regions was introduced by Neyman and Pearson? 
and solved for certain cases. These results were later generalized by 
Neyman® under the assumptions that the probability density satisfied 
certain partial differential equations (equations (6) below) and that a 
certain moment problem had a unique solution; this development was 
continued by Scheffé.4 The problem was approached very differently 
by P. L. Hsu;® he utilized the uniqueness theorem of the theory of Laplace 
transforms. The iatter method was extended by Lehmann‘ and is still 
further generalized in the present paper. Under this approach no moment 
problem intrudes itself, and cases are included which do not yield to the 
differential equations attack. We are concerned here only with the 
problem of similar regions; we shall present in a later paper applications 
to the theory of optimum tests, which gives the problem of similar regions 
its statistical interest. We outline here without the proofs results which 
will later be published elsewhere at length. 

Our development is based on the notion of a complete kernel. Consider 
a non-negative function g(t; 0), where ¢ = (h, ..., ¢s) is a point in an s- 
dimensional Euclidean space. If for some @ in w the function g(t; @) is 
not defined over the whole #-space its definition is to be extended by as- 
signing it the value zero. With the function g(t; 6) we associate a set S 
in the ¢-space defined as follows: For each @ in w we let Nz be the set of 
points t for which there exists a neighborhood of & such that the integral 
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of g(t; 6) over the neighborhood vanishes. The set S is the complement 
of the intersection of the N, for @in w. Then we shall call g(t; 6) a com- 
plete kernel with respect to w if the two conditions 


(i) S f@g(t; 0)dt = 0 


for all 6 in w, and (zt) f(t) is bounded, imply that f(t) = 0 for almost all ¢ 
in S. It is understood that when a domain of integration is not indicated, 
as in (7) above, then it is the whole space of the variable of integration. 

It is convenient at this point to employ more of the terminology of the 
theory of probability. Let X = (Xi, ..., X,) be a random variable with 
the probability density p(x; 0), so that the probability that X fall in any 
set w is given by (1). Suppose now that there exist real-valued functions 
h(x) and q(t; 6), and a vector-valued. function t(x) = (h(x), ..., ts(x)) 
with s components, such that for all 6 in w and x in W the density has the 
form 


p(x; 0) = g(t; 6)h(e), (2) 


where ¢ = t(x) ands < m. Let G be the set of points in the x-space for 
which h(x) # 0. It will suffice to assume that ¢(x) is defined for all x in 
G, and that g(t; 6) is defined for all @ in w and all ¢-values assumed by 
t(x) for x in G. 

Consider the statistic T = (Ji, ..., T;), where T = ¢(X): If in G the 
vector function ¢ = ¢(x) satisfies certain regularity conditions (namely, 
(a), (b), (c) of Lemma 1 with r = s) then T has a probability density for 
all @ in w. There then exists a function y(t) such that the probability 
density of T is 


g(t; 0) = g(t; Oy). (8) 


T is a sufficient statistic for 6: This means that for any set w in W the 
conditional probability that X fall in w, given that T’ = ¢, is independent 
of 6. 

Neyman’ pointed out that when there exists a sufficient statistic T for 
6, then a sufficient condition for a set w to be a similar region (of fixed 
probability a) is that the intersections w(¢) of w with the ‘‘surface” T = t 
have the property that the conditional probability of w, given T = 1, 
be equal to a@ for almost all ¢ in S. He left open the question -whether 
all similar regions necessarily have this structure, which we shall call the 
Neyman structure with respect to the statistic JT. This question is settled 
by Theorem 1 below. In the proof of Theorem 1 and Corollary 1 we apply 


Lemma 1. Suppose r real-valued functions t(x), ..., tx) of the point 
x = (x1, ..., Xn) are defined on a set G, and that the following conditions are 
satisfied: 


(a) r<n. 
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(b) The boundary of G is a set of (Lebesgue) measure zero. 

(c) The r functions tx) together with their first partial derivatives are 
continuous and the r X n matrix (Ot;/Ox;) is of rank r, except in a subset N 
of G, whose closure has measure zero. 

Then there exist n-r functions t-i(x), ..., tn(x) defined in an open 
subset G* of G, such that the following conditions are satisfied: 

(A) The closure of the set G-G* has measure zero. 


(B) The transformation y = f(x), where y = (wy, ..., Yn) and f(x) = 
(t4(x), ..., tn(x)), as 1:1 and bicontinuous from G* to f(G*). 
(C) The n functions t,(x), ..., ta(x) together with their first partial de- 


rivatives are continuous and the Jacobian 
I(x) = O(M:,) 223) Va) /O(Hr, . «+5 Xe) 


does not vanish in G*. 

For a transformation y = f(x) of the kind whose existence is guaranteed 
by Lemma 1, the usual transformation of multiple integrals by means of 
the Jacobian is valid: Specifically, if w is any set in G, if w* is the inter- 
section of w with G*, and if p(x) is integrable over w, then 


Sob(x)dx = fap(x)dx = Sjiws[p(x)/|J(x)|ldy, 
where in the last integral x = f—'(y). 


THEOREM 1. [f the probability density p(x; 6) has the form (2), and if 
the function t(x), ..., ts(x) satisfy conditions (a), (b), (c) of Lemma 1 with 
r = s, so that T = t(X) is a sufficient statistic for 0 with a probability density 
g(t; 0) of the form (3), then a necessary and sufficient condition for the totality 
of similar regions with respect to @ to have the Neyman structure with respect 
to T 1s that the density g(t; 0) be a complete kernel with respect to w. 

The following corollary to Theorem 1 includes as special cases all in- 
stances in which the problem of similar regions has previously been solved. 
We recall that s and m denote the number of coordinates of 9 and x, re- 


spectively. 

CoroLuaRy 1. Suppose there exist functions C,h, ki, t, (@ = 1, ..., 7), 
and constants c(i = r' + 1, ..., 7), whereO Zr’ Z rZ s, such that for all 
6 in w 


ple; 8) = COk(xexp. 4 ki@)tx) (4) 
t=] } 


in the part of the x-space determined by the inequalities 


a< t,(x) i k,(0) Gi allt + is Sa r), (5) 


and p(x; 6) vanishes elsewhere, and that the following conditions are satisfied: 
(a) InG, defined to be the part of the x-space where h(x) ¥ 0, the functions 
ti(x), ..., t(x) satisfy the conditions (a), (b), (c) of Lemma 1. 
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(b) The set of values assumed by (ki, ..., kr) ts the Cartesian product 
of the set L of values assumed by (ki, ..., ky’) and the set Ls of values assumed 
by (Rr+i, ..., Rr). The set L, contains a non-degenerate r'-dimensional 
interval. The set L, is an (r — r’)-dimensional interval c; < k.< dj t= 
r’ + 1, ..., 7), where the c; are the same as in (5), and where the c; and d; 
may be infinite. 

Then the totality of similar regions with respect to 6 has the Neyman structure 
with respect to the statistic T = (Tj, ..., T;), where T; = t,(X). ; 

Neyman® assumed in his solution of the problem of similar regions that 
the probability density satisfied certain conditions including the following 
partial differential equations: 


0°v/2628; = Ay(0) + YBia(0)20/2 pe 1. MOD 


where v(x; 0) = log p(x; 0). That a density satisfying Neyman’s condi- 
tions is included under the special case of our Corollary 1 when r’ = r 
follows from 

THEOREM 2. Suppose the probability density p(x; 6) satisfies the following 
conditions: 

(a) The set w of permissible parameter points 0 is a connected open set. 

(b) The set W+ = W+(8) of points in the x-space for which p(x; 0) >0 


does not depend on 0. 
(c) For all 0 in w and x in W+, p(x; 6) and its first and second partial 
derivatives with respect to , ..., 0, are continuous function of 8. 


(d) There exist continuous functions A;;(0) and B,x(8) (4,7,k = 1, ..., 5) 
such that v = log p(x; 0) satisfies the system (6) of partial differential equations 
for all 0 in w and x in W+. 

Then there exist an integer r (0 Z r Z s), real-valued functions C, h, t,, 
k, (@ = 1, ..., 7) such that 

(A) The density p(x; 0) has the form (4) with r’ = r for all 0 in w and 
x in W+. 

(B) Ther + 1 functions 1, ht, ..., t, are linearly independent for x in W+. 

(C) Ther + 1 functions C, ki, ..., k, together with their first and second 
partial derivatives with respect to 0, ..., 0, are continuous, while ther X s 
matrix (Ok;/06;) is of rank r, for all 0 in w. 

If the r of Theorem 2 is zero we have the trivial case where p(x; 6) does 
not depend on @, and all sets w are similar regions. If r > 0, result (C) of 
Theorem 2 insures condition (6) of Corollary 1 with 7’ = r. Condition 
(a) of Corollary 1 on the functions 4; = t,(x) cannot be implied by the 
differential equations (6) which govern the behavior of p(x; @) as a function 
of 6. However, if we define the set G of Corollary 1 as the W+ of Theorem 
2 and add to the hypotheses of Theorem 2 the assumption that in G the 
functions t,(x) of Theorem 2 satisfy conditions (a), (b), (c) of Lemma 1 
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(a similar assumption was made by Neyman), then all the hypotheses for 
the special case of Corollary 1 when r’ = r are satisfied. 

The converse to Theorem 2, that if the density has the form (4) with 
r’ = r, then it satisfies a system of partial differential equations of the 
form (6), is easily proved under mild restrictions by differentiating (4). 


1 By probability density we mean, as usual, any non-negative function whose integral 
over W is unity. ; 

# Neyman, J., and Pearson, E. S., Phil. Trans. Roy. Soc., London, Series A, 231, 
289-337 (1933). 

3 Neyman, J., Annals of Math. Stat., 12, 46-76 (1941). 

4 Scheffé, H., [bid., 13, 280-293 (1942). 

5 Hsu, P. L., Biometrika, 32, 62-69 (1941). 

¢ Lehmann, E. L., Annals of Math. Stat., in press. 

7 Neyman, J., Phil. Trans.. Roy. Soc., London, Series A, 236, 333-380 (1937). 


A PROOF OF LOWER SEMICONTINUITY 


By Everett PITCHER 
LEHIGH UNIVERSITY AND THE INSTITUTE FOR ADVANCED Stupy* 
Communicated September 19, 1947 


McShane has a pair of equivalent theorems! affirming the lower semi- 
continuity of simple integrals of the calculus of variations in the parametric 
and non-parametric form. The hypotheses are broad enough to permit 
the restrictions on the domain of definition associated with Lagrange 
problems. In this paper we shall give a brief direct proof of the theorem 
in the parametric form and comment on an apparent generalization of the 
theorem. We shall discuss in turn the domain of definition, the auxiliary 
function, curves, the integral, the theorem with proof and the generaliza- 
tion. 

Before proceeding we wish to express our thanks to Professor Transue 
for reading critically both this paper and an earlier and longer draft and 
for encouraging us to make one more attempt at this particular form of 
proof. 

The domain R is a subset of the space of points (x, r) = (x!, ..., x", 
ri, ..., 7) subject to two restrictions. 

Rl. If (x,r)¢ Rand k2 0 then (x, kr) € R. 

R2. The set Ro of points (x, 0) € R ts closed.* 

The auxiliary function f(x, r) is a function satisfying the following 
requirements. 

fl. f(x, r) is a real valued function defined on a domain R satisfying 
R1, 2 and admits + © (but not — ~) as a value. 
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f2. f(x, kr) = kf(x, r) if (x, r)e Randk= 0. f(x, 0) = Oif (x, 0) eR. 

f3. If (xo, ro) € Rand f(x0, ro) > u then there is a vector a such that? a-ro> u 
and such that corresponding to e > 0 thereisaé> 0 for which f(x, r) 2 a-r — 
e|r| whenever |x — xo| < 5 and (x, r) € R. 

It follows readily that f 7s lower semicontinuous and that f is convex in r 
in the sense that if (xo, 70) € Rand f(xo, ro) > u then there is a vector a such 
that a-ro > uand f(x, r) = a-rif (xo, r)éR. Asan approximate converse, 
af f(x, r) satisfies f1, 2 and is lower semicontinuous and convex in r and tf the 
domain R is closed then f satisfies f3. 

We recall that parameterized curves x = x(t), t: S t S te, can be classified, 
two parameterized curves being regarded as equivalent if their Fréchet 
distance is 0. An equivalence class is called a curve. Then in the usual 
way curves are a metric space with Fréchet metric as the distance. A 
parameterized curve is admissible if the codrdinate functions are absolutely 
continuous and if (x(#), «’(t)) « R for almost all ¢. As a special convention, 
a curve consisting of a single point is admissible only if the point is in R. 
If any parameterized curve in a class is admissible then all absolutely 
continuous parameterized curves in the class, including the one with arc 
length as parameter, are admissible and the curve is called admissible. 

The integral 


Si’ fle), x'() lat (1) 


is evaluated for admissible parameterized curves, the integrand being 
measurable, and its value is the sanie for all those in the same curve class. 
Thus the integral (1) defines a function J(C) of admissible curves C. In 
this connection we exterid the usual definition of the Lebesgue integral 
to admit + © asa value if that is the limit of the integral of the truncated 
function. This will not present the difficulties sometimes inherent in 
extending the Lebesgue integral because in this extension the negative 
part of the function will remain bounded by a function integrable in the 
usual sense. This point is discussed more fully in the course of the proof 
of the principal theorem. 

This leads to the following theorem. 

THEOREM (McSHANE). [If the auxiliary function f(x, r) satisfies f1, 2, 3 
then the function J(C) of admissible curves is lower semicontinuous on any 
set of admissible curves of bounded length. 

The proof by McShane consists of approximating f from below by 
smoother functions for which the corresponding integrals are more readily 
proved to be lower semicontinuous. The proof to be given here will 
consist of passage from the inequalities of f3, applied along the limiting 
curve, to the inequality of lower semicontinuity almost directly by inte- 
gration. 
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We are to prove that if C, —> C in the Fréchet metric and C, and C 
are admissible then 


lim J(C,) = J(C). (2) 
a 
The following preliminaries to the proof are familiar and are essentially 
those used by McShane. 
It is sufficient to assume lim J(C,) exists (finite or infinite) since every 
crore 


inferior limit is a limit. Jt is sufficient to assume J(C,) finite for all q, since 
if J(C,) = + © for an infinite number of values of g then lim J(C,) = 
roo 


+o and (2) holds. 

Curves C, are parameterized on the interval 0 S ¢ S 1 by the parameter 
proportional to arc length (this can be so worded as to include the unique 
parameterization of curves of 0 length). Let x,(t) thus represent C,; this 
is an admissible parameterization. Because of the bounded length and 
the Fréchet convergence there is a constant M such that 


|x(t)| S M, (3) 
|x,’()| S$ M (4) 

where it exists and 
=O) s Ost <?t"S1. (5) 





From the sequence x,(t) a uniformly convergent subsequence, still denoted 
by x,(t) to avoid double subscripts, is selected‘ with limit Z(t), for which 
then 


|z’(t)| < M (7) 
where it exists and 
| a(e?) — w/e?) | 
ORO ey osr<i'si. (8) 


t” — tt’ 


| 
On the one hand C, approaches C and on the other hand it approaches the 
curve’ represented by #(#). Thus x = Z(t) is an admissible parameteri- 
zation of C. 
We adopt the following abbreviations. 


fe = felt) = flat), x’) Ff =F®. = fz, 201... 9) 


We observe that there 1s a number N such that for all q (after discarding a 
finite number for convenience if necessary) and almost all t 
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felt) 2 —Nx/(t) fQ 2 —Nz'(. (10) 
For with u = —1, « = 1, we apply® f3 at (#(#), 0) to obtain a vector a(t) 
and a number 4(t) > 0 for which 
f(x, r) 2 a(t)-r — |r| ; (11) 


whenever 
lx — a) | < 80. 


Taking a finite covering of the curve C by spheres with center (z(#), 0) 
and radius 6(¢) and letting N — 1 denote the maximum of the correspond- 
ing values of |a(t)| one sees that 


f(x, r) 2 —N{r| (12) 


whenever x belongs to a suitable open set containing C and (x, 7) € R. 
Excluding values of t for which x,’(t) or #’(¢) fail to exist or (x,(#), x¢’(t)) 
or (z(t), #’(#)) fail to be in R and excluding a finite number of values of 
g as noted, one sees the truth of (10). 

If My = NM, then almost everywhere 


fr=z—-M f2-M.. (13) 


Relation (12) or more particularly (13) implies that truncation above is 
adequate for the definition of integrals of unbounded functions and that 
the trivial extension of Lebesgue integration which we have made does not 
introduce conditionally convergent integrals. 

To complete the proof we have only to establish the following statement. 

STATEMENT A. Corresponding to numbers n > 0 and U< jy’ fat there 
is a set E of measure exceeding 1 — n such that 


lim fp fdt= U. (14) 
coro 
For 
So* fat = Sez fdt — Mon (15) 
by virtue of (13) so that 
lim fo ft => U — Mon (16) 
crore 


for all n, U conditioned as in Statement A, whence 


lim fo’ fdt= fo’ fat (17) 
rre 


and (2) and the theorem follow. 
We shall now prove Statement A in several steps. There is a set Eo 
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of measure 1 on the unit interval on which 7’(#) and all x,’(¢) are defined 
and (z(t), z’(#)) and (x,(t), x,’(t)) are in R. For t € Eo, let 


u(t) = min f(t) — ¢’, Q (18) 
where ¢’ > 0 is so small and Q > 0 is so large that 
So’ u(t)dt > U. (19) 


By virtue of a theorem of Lusin’-there is a closed subset E of Eo with 
measure exceeding 1 — 7» such that when their domain of definition is 
restricted to E, z(t) and u(t) are continuous functions. Taking advantage 
of the absolute continuity of the integral, one also requires that 


JSpu(t)dt > U. (20) 


This will be shown to be the set E required for Statement A. 

As a further step toward the proof of Statement A we shall establish 
that corresponding to « > 0 there are a bounded measurable vector function 
b(t) defined on E and a number h > 0 such that 


b(t)-#’(t) > u (é) (21) 
f(x, r) = b(t)-r — elr| if |x — z(t)| < hand (x,r) eR. (22) 


For each point ¢ e E with u = u(t) there is a vector a = a(¢) and a number 
5 = 6(t) meeting the requirements 


a(t)-z’(t) > u(t) 


(23) 
f(x, r) = a(t)-r — elr| if |x — z(t)| < 6(t) and (x,r)eR 


by virtue of f3 applied at points (#(/), z’(¢)). (However there is no reason 
to suppose a(t) is bounded and measurable.) Then for each point t « E 
there is a number 6(t) > 0 such that if |¢ — ¢*| < 6(¢) and ¢* € E then 


a(t)-z’(t*) > u(t*) (24) 
|z(t*) — z(t)| < 4(2)/2, (25) 


these statements depending on the continuity of z’(t), u(t), z(t). We use 
the Heine-Borel theorem on the covering of E by intervals ¢ — @(t), ¢ + 
6(t); we denote by ¢;,7 = 1. ..., p, the points ¢ centered in the elements of 
the finite covering and by J; the part of E covered by the interval ¢, — 
O(t;), t; + O(t;). Let b(t) = a(t) for t eZ, and let b(t) = a(t;) for t e J, and 
tél, U ... UJ,-;. Then d(f) is bounded and measurable. Let h = 
min 6(¢;)/2. Then suppose ¢* ¢ J, and ¢* €J,U ... UJ,-; (empty if 7 = 1). 
Then |t; — ¢t*| < 6(t;) so that 


b(t*) -z’(t*) = a(t;)-2#’(t*) > u(t*) (26) 
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by virtue of (24). Also if |x — #(t*)| < hS 4(t,)/2, then, using (25) with 
t = t;, |x — a&(t;)| < d(t,) and 


f(x, r) = a(t;)-r — elr| = b(t*)-r — elr| if (, 7) ER. (27) 


Thus the existence of b(t) is proved. 


To complete the proof of Statement A, we observe, following (22) and 
(4), that 


Sift = Sp b(t) -%q'(t)dt — «Se |xq'(t)|dt = Spb(t)-xq'(t)dt — eM (28) 
if q is large enough that |x,(t) — #(t)| << h. But 
lim Jpb(t)-xq' (dt = Spb(t)-#' (ddt (29) 
revered 


by virtue of a theorem of Lebesgue.* Thus, following (21) and (20), 
lim fifdt= Spb(t)-2'(t)dt —eM> Sfpu(t)dt — «M> U-—eM (30) 
cated 


for all e > 0, whence Statement A and the theorem. 

We have a generalization whose import we do not fully understand. 
Hypothesis f3 contains a statement of uniformity in that vectors a are 
hypothesized which are fixed while « may change. We find no place, 
either in the preliminaries of admissibility of curves and of the fact that 
the value of the integral is independent of admissible parameterization 
or in the proof itself, where this uniformity is used. We find instead that 
the theorem still holds when f3 is replaced by the following hypothesis. 

f3a. If (xo, ro) € R and f(xo, ro) > u then corresponding to « > O there is 
a vector a such that a-r) > u and a number 5 > 0 for which f(x, r) = a-r — 
e|r| whenever |x — xo| < dand (x, r) eR. 

It is obvious that f3 implies f3a but whether f3a implies f3 in the presence 
of f1, 2 is not known.to the author. It follows from f1, 2, 3a that f(x, 7) 
is lower semicontinuous. It does not follow obviously for the writer that 
f(x, r) is a convex function of r for x fixed, in the sense that the word convex 
has been used earlier. (If this were true then f3a would be equivalent to 
f3 in the presence of f1, 2 for closed R though not necessarily for all R 
satisfying R1, 2.) It does follow that f(x, r) is a convex function if addi- 
tional hypotheses, such as that a can be found in f 3a bounded independent 
of ¢ (or that f(x, r) is defined for all r and bounded for unit vectors 7), are 
imposed. 

The utility of the generalization at the moment is the fact that f3a 
may be easier to verify than f3 in an application. 


* Part of the work of this paper was done on a project supported by funds from the 
. Office of Naval Research. 
1 McShane, E. J., “‘Semi-Continuity of Integrals in the Calculus of Variations,’’ Duke 
Math. J., 2, 597-616 (1936). See Theorems 3.1, 4.1, of which we are concerned with 
the former. : 
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2 We have been unable to see the necessity of McShane’s assumption that Ro be dense 
in itself. We admit the triviality of isolated points of Ro. 

3 a+r denotes the scalar product and |r| = J/ rr. 

4 By virtue of Ascoli’s theorem applied successively to coérdinate functions. See 
Kellogg, O. D., Foundations of Potential Theory, Springer, 1929, p. 265. 

5 The Fréchet distance between x,(¢) and £(#) does not exceed max. |x9(t) — £(t) |. 

6 The point (#(é), £’(t)) is in R for almost all ¢. Thus, by virtue of R1, so is (#(é), 0). 
Thus, because of R2, the point (#(#), 0) is in R for all t. 

7 See for easy reference Saks, S., ‘“Theory of the Integral,’’ Monografie Matematyczne, 
VII, Warszawa-Lwow, 1937, p. 72 or McShane, E. J., “Integration,” Princeton Mathe- 
matical Series, 7, Princeton, 1944, p. 236. 

8 Convenient statement of the theorem in Banach, S., “Théorie des opérations 
linéaires,”” Monografie Matematyczne, I, Warszawa, 1932, p. 7. Original reference is 
Lebesgue, H., “Sur les intégrales singuliéres,”” Annales de Toulouse 3° série, 1 (1909), 
25-117; see p. 57. Other convergence theorems also cover this point. 
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